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Abstract 

One of the unique characteristics of online retail is the ability to ship items to customers from 

different fulfillment centers. This causes interdependence between fulfillment centers and creates 

new challenges in inventory management. Hence, this thesis investigates inventory management 

decisions in online retail, focusing on the initial stocking of fulfillment centers, their inventory 

levels, and order fulfillment processes. The problem is formulated as a dynamic integer program, 

with the objective of minimizing the sum of receiving, holding, and shipping costs while satisfying 

demand and capacity constraints. The large scale of the problem arises from the size of the 

fulfillment centers, the number of items, and the number of demand points. We propose a large-

scale solution algorithm that aggregates the three sets of items, warehouses, and customers. The 

algorithm solves the aggregated problem with an exact solution that is tractable in size and then 

disaggregates the solution through three hierarchical disaggregation stages using a Greedy 

algorithm to address the NP-hardness of the problem.  

We develop a theoretical bound on the optimality gap caused by aggregation method. The 

numerical examples demonstrate that the large-scale algorithm is a computationally efficient 

approach which produce low-cost solutions for medium-sized clusters compared to the optimal 

model. Additionally, we also study the impact of key factors, including cost parameters and 

variations in item sizes on the optimality gap. 
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Lay Summary 

 

This thesis addresses the challenge of optimizing inventory management in online retail, focusing 

on initial stocking, inventory replenishment, and planned order fulfillment. We aim to minimize 

costs associated with receiving, holding, and outbound shipping while meeting customer demand 

and capacity constraints. We develop a large-scale framework that integrates an aggregation 

approach with a Greedy algorithm to create a trade off between computation time and optimality 

gap. The analysis indicates that this approach provides near-optimal solutions quickly and 

efficiently, particularly for medium-sized problems, making it a robust alternative to traditional 

methods that struggle with large datasets. Additionally, our study provides theoretical insights into 

the algorithm's effectiveness and explores how factors like cost parameters and variations in item 

sizes impact performance. 
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1. Introduction 

The increasingly competitive retail business demands greater customer satisfaction and 

operational efficiencies, including optimal inventory and logistics planning (Hübner et al., 2013). 

For example, lack of optimal initial stock planning could lead to stock reduction resulting in 

shortage costs, delays, and eventually missed customers (Seyedan et al., 2022). To avoid such 

issues and maintain desired service levels, retailers often tend to keep large inventories, incurring 

substantial storage costs, or, in some cases, paying additional logistics costs to fulfill customer 

demand from distant warehouses (Salam et al., 2016). Consequently, in order to meet customer 

demand at the optimal time and with the minimum possible cost, the retail business must optimize 

initial stocking and fulfillment processes at the operational level, taking into account various 

factors affecting the planning. 

Moreover, large retail industries, such as Amazon, face complex planning decisions involving 

millions of individual items and numerous facilities to satisfy thousands of demand points. 

Amazon's fulfillment network consists of three key facility types: fulfillment centers, sortation 

centers, and delivery stations. Fulfillment centers are extensive facilities specializing in handling 

large volumes of diverse orders shipped as parcels, and categorized by item types (e.g., apparel, 

electronics) and sizes (small sortable, large sortable, large non-sortable). Sortation centers, large-

sized facilities, organize shipments based on regional or local destinations, sorting parcels into 

smaller batches by postal code. Delivery stations, medium-sized facilities, focus on sorting parcels 

for specific local delivery routes, loading them onto  vehicles for efficient last-mile 

delivery (Rodrigue, 2020). 

According to MWPVL International dataset, there are currently 376 active fulfilment centers, 

111 sortation centers, and 566 delivery stations operating only in the United States in 2024 

(Amazon Distribution Network Strategy | MWPVL International, n.d.). With warehouse capacity 

limitations, supply fluctuations, and the fact that different demand points vary in demand patterns 

for the same items, managing this extensive network, which aims to satisfy thousands of demand 

points, is a challenging task. The complexity of the problem is further increased by the fact that 

we are dealing with discrete optimization, and the integrality of the solution necessitates solving a 

very big combinatorial problem. As a result, the inventory and fulfilment planning for such an 

extensive network is hard. 

approriate
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In this work, our objective is to address the inventory management decisions for an online 

retailer through a proposed heuristic algorithm. The primary goal is to determine a cost-minimizing 

plan that simultaneously address three key decisions: initial inventory placement, inventory 

replenishment, and planned order fulfilment. The model is developed on a large-scale two-tier 

network, comprising fulfilment centers and customers, over a multi-period planning horizon. Our 

algorithm consists of a four-stage approach, wherein the first stage employs an auxiliary model 

utilizing aggregation analysis to reduce the dimension and complexity compared to the original 

model.  

Aggregation analysis incorporates cluster analysis techniques and additionally employs the 

method of combining similar data. The process of identifying which data are sufficiently similar 

to be grouped together is called cluster analysis, and it involves a large portion of the aggregation 

techniques that should be considered for the optimization models. These clusters may frequently 

be predefined in a wide range of optimization issues (Rogers et al., 1991). In this case, for example, 

clustering is applied to the three sets of demand points, items, and warehouses due to their huge 

sizes, showing that the entities to be grouped are variables during the aggregation stage. The next 

sections will provide comprehensive descriptions of the aggregation step. 

The next three steps include an attempt to recover the original solution through three stages of 

disaggregation using the outcomes of the reduced model's solution. Disaggregation analysis refers 

to techniques for taking an aggregated model and using it to derive components of a more refined 

model (usually with the same dimensions as the original model) (Rogers et al., 1991). In this 

context, we design a hierarchical disaggregation method in which demand zones are firstly 

disaggregated, followed by warehouses, and finally items. The first stage of this process is carried 

out optimally, while the second and third stages are completed approximately with the aid of a 

greedy algorithm.  

Our approach is depicted in Figure 1. The main contributions of this work are threefold. First, 

we develop an aggregation and disaggregation algorithm to address the NP-hard nature of the 

inventory and fulfillment planning model for the Amazon . Second, we apply a greedy 

algorithm which produces near-optimal solutions to solve the warehouse and item disaggregated 

models given our parameters and solution obtained from the demand zones disaggregated model. 

The greedy algorithm is capable of solving in polynomial time. Finally, we provide computational 

dolphin choir
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experiments on simulated instances of the Amazon distribution network to demonstrate the 

algorithm's performance. 

 

Figure 1. The proposed methodology  
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2. Literature Review 

In the retail industry, businesses use a variety of sales channels, including online platforms, 

physical stores, and a combination of both within their supply chains. Online sales have been 

experiencing rapid annual growth. For instance, while it includes a 15.4 percent share of total US 

sales in 2023, it experienced a considerable 7.6 percent rise over the previous year (U.S. Census 

Bureau, 2023). 

One of the key aspects of online retail is its capability to fulfill customer orders from various 

fulfillment centers, regardless of their geographical proximity, each with its associated shipping 

costs (DeValve et al., 2021). While the shipping flexibility in online retail allows for cost savings 

and improved service quality, it also needs the development of inventory optimization methods to 

manage the connection between fulfillment centers. To achieve this, a range of decisions must be 

made depending on the planning horizon, such as network design, sourcing, inventory placement, 

replenishment, fulfillment, and transshipment (Ge et al., 2019).  

Given the interconnected nature of these decisions, authors have suggested a number of 

approaches to optimize them, either independently in a hierarchical manner or jointly. Chen & 

Graves (2021), for instance, focus on optimizing initial inventory placement in online retail, 

developing a cost-minimizing plan for each item while considering factors such as fulfillment 

center capacity constraints and customer satisfaction. In another study, they also explore 

operational decisions to address challenges arising from sorting and picking multiple-item orders 

within a warehouse. Their approach involves analyzing the problem from batch scheduling and 

routing perspectives, leading to a proposed picking policy that optimizes efficiency in both picking 

and sorting tasks Chen, (2018). 

Order fulfillment, a bottleneck for online retailers, has gained attention in research. In  a recent 

study, Arlotto et al. (2023) investigate a joint inventory placement-fulfillment problem via regret 

analysis. At the beginning, the inventory of a single item is dispersed across different warehouses, 

then the decision maker determines whether to accept or reject the order at each period. They 

provide heuristic policies and evaluate their effectiveness in terms of minimum-inventory regret 

to the problem. Torabi et al. (2015) addressed the joint fulfillment and transshipment decisions by 

employing a mixed integer programming model with Benders decomposition to efficiently find 

the optimize solutions. Some studies define the order fulfillment process into three decisions: order 
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allocation, order consolidation and synchronization, and order delivery. In this context, Li et al. 

(2019) integrate these decisions into an online retailer's fulfillment plan and develop an adaptive 

large neighbourhood search method to handle large-scale instances of this problem. Building upon 

this work, Jiang & Li (2020) extend it by incorporating time windows to minimize transportation 

costs, as well as introducing a decomposition-based approach to reduce the computational 

complexity of solving large instances. 

Several recent studies address inventory management decisions within an omnichannel setting 

(Abouelrous et al., 2022; Wang et al., 2022). Bretthauer et al. (2010) determine optimal inventory 

allocation across different sites to meet in-store and online demand while minimizing overall costs, 

including holding, backorder, operating, transportation, and handling costs. Govindarajan et al. 

(2021) develop network-based strategies considering online demand spillover, where inventory 

decisions are made at the beginning of the selling horizon and fulfillment decisions are made 

iteratively. They derive inventory heuristics based on a two-stage approximation. In addition, their 

fulfillment heuristic provides location-specific inventory thresholds that determine how much 

inventory is rationed between in-store and online demands.  

The goal of this research is similar to that of Chen & Graves (2021), who study the problem of 

inventory placement across fulfilment centers considering capacity restrictions. However, we 

specifically focus on variable costs related to receiving, storage, and shipping rather than the fixed 

charge related to assigning each item to a fulfillment center. Additionally, we aim to simultaneously 

optimize the following decisions to address their interdependent nature: 1) inventory placement or 

initial stocking (determining which fulfillment centers store each item), 2) inventory replenishment 

(deciding how much inventory to hold), and 3) planned order fulfillment (selecting which 

fulfillment center to use for an order). 

If we ignore the fact that items differ in dimensions and each occupies a specific space in a 

warehouse, the problem reduces to the integral flow problem, which has been proven to be an easy 

one given the fact that the matrices forming the set of constraints has a total unimodularity property 

(Conforti et al., 2014a; Hoffman et al., 1956). In other words, it would be a special case of a 

transportation problem on a bipartite graph, where two sets of nodes correspond to fulfillment 

centers and customer regions, respectively (Hitchcock, 1941). The problem, however, is a 

generalized assignment problem (GAP) which falls into the category of multiple knapsack 
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problems (MKP), in which the number of identical copies available for each object type is 

restricted, each item j that is assigned to knapsack 𝑖 yields profit 𝑃𝑖𝑗 (rather than profit Pj). This 

problem has been shown to be np-complete (Kellerer et al., 2004) and will be further discussed in 

the subsequent sections.   

According to Martello & Toth (1990), there are three types of approaches to solving generalized 

assignment problems: 1) exact algorithms, such as Variants of branch-and-bound (Sarin et al., 

2014; Woodcock & Wilson, 2010), 2) heuristic algorithms  (Fathollahi-Fard et al., 2023; Saeedi et 

al., 2024), and 3) approximation algorithms (Cohen et al., 2006). When GAP is combined with a 

network flow problem, its complexity increases, particularly with a substantial number of nodes. 

Hence, in online retail networks, which involve numerous demand points, items, and warehouses, 

it is critical to employ appropriate techniques to handle the inherent intractability caused by both 

NP-hardness and the scale of the problem. Various approaches, such as decomposition-based 

algorithms like those discussed by Dell’Amico et al. (2019), are employed to handle large-scale 

linear integer programming models. However, the effectiveness of these algorithms depends on 

the specific characteristics of the problems, including variables and constraint structures. Despite 

their practical efficiency, they may not necessarily guarantee a solution within polynomial time. In 

this situation, it could be necessary to use some approximation techniques. The heuristic approach 

we provide here is the integration of aggregation technique and a greedy algorithm to handle 

disaggregation stage.  

Aggregation is an efficient technique to facilitate the analysis of large optimization models and 

provide a set of tools to transform the model with a high degree of complexity to a reduced 

manageable form. The simplified model can then be solved, and its optimal solution disaggregated 

into a feasible solution for the original problem (Å. Hallefjord et al., 1993). Rogers et al. (1991) 

establish a framework for aggregation and disaggregation methodology and provide a 

comprehensive review of previous research and applications in various areas of operations 

research. Later, Litvinchev & Tsurkov (2003) delve into aggregation analysis by reviewing the 

findings from previous decades, different aggregation techniques, and discussing aggregation error 

and bounds. Aggregation, as a technique for reducing computational complexity, has been widely 

applied in many contexts, particularly in those involving a large number of variables and 

constraints. For example, applications of aggregation theory in optimization include addressing 
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the classical transportation problem by aggregating demand points (Geoffrion, 1976), supply 

points (Evans, 1979), and both (Zipkin, 1980a). Aggregation has been also employed to reduce the 

number of items in a multi-commodities network flow problem (Kazemi, 2021), production 

planning (Leisten, 1998), and online retail inventory management (Chen & Graves, 2021).  

In this paper, we aim to perform aggregation on nodes and items simultaneously within an 

integer programming framework. To guarantee feasibility, we develop a problem-specific 

hierarchal disaggregation procedure which consists of three stages; the first stage is executed 

optimally, while the second and third ones employ a greedy algorithm to handle their NP-hardness. 

One main part of the aggregation approach involves quantifying the degree of accuracy lost under 

specific aggregation. Using duality theory, Zipkin provided bounds on the loss in objective 

function value that results from column (variables) aggregation (Zipkin, 1980c), and row 

(constraints) aggregation (Zipkin, 1980b) in linear programming models. A. Hallefjord & Storoey 

(1986) remark that Zipkin's results can be generalized to apply to discrete optimization problems 

as well. Here, our theoretical bound is based on input parameters and is specifically obtained from 

the final disaggregation stage. 
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3. Problem description 

In this study, we address the joint optimization of initial stocking, inventory replenishment and 

planned order fulfilment problem for an online retailer across a multi-period planning horizon. The 

goal is to determine a cost-minimizing plan which meets demand and supply requirements while 

taking fulfillment center capacity limitations into account. As previously stated, the retailer 

operates and manages a two-echelon order fulfilment system. The first tier of this system consists 

of a set of fulfilment centres (FCs), where retailer’s products are stored, while the second tier 

comprises individual customer nodes. Although the real-world system also involves a full network 

of sortation centers and delivery stations between these two layers, our study does not consider 

these intermediate facilities. 

Given the projected customer demand for each product, the retailer needs to decide on how to 

best place items in the fulfilment centers and fulfill customer orders, aiming to minimize overall 

expenses. Our focus lies on the variable costs associated with both inbound and outbound logistics. 

Inbound costs encompass expenses related to assigning items to fulfillment centers and storage, 

while outbound costs involve shipping expenses from fulfillment centers to customer demand 

points. The item assignment costs to fulfillment centers include any associated receiving expenses 

such as labor and inbound delivery costs. In addition, shipping costs from fulfillment centers to 

each customer point are computed based on the distance between nodes and a unit rate per distance, 

along with any additional handling charges incurred by the retailer. If the retailer employs a third-

party service like UPS for item delivery, this rate can reflect the fee paid by the retailer to the 

carrier, or it can be considered a fuel rate if the retailer utilizes its own vehicles and resources for 

transportation. 

To ensure a balance between practicality and tractability, we make the following assumptions: 

• Transshipment between fulfillment centers (FCs) is prohibited to avoid additional costs 

in order fulfillment. 

• We exclude location strategic planning considerations; network structure and sourcing 

plans are predetermined so that the number and the locations of fulfilment centers and 

demand points, fulfillment center capacities, and supply amounts are given as input. 
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• Every customer demand must be satisfied within each period; there are no shortages in 

terms of backorders or lost sales.  

• Demand and supply values are deterministic but dynamically changes over time. 

• Edge capacities are unrestricted; there are enough vehicles available for transferring 

products from FCs to demand zones. 

Given these assumptions, we formulate the problem of initial stocking and order fulfillment for 

an online retailer as an integer linear program. In the following, we outline the sets, parameters, 

and variables defining the proposed model. 

Table 1. The indices and notations used in the optimal model 

Sets 

𝑇 The set of time periods 

𝐼 The set of demand points 

𝐹 The set of Fulfilment centers  

𝑃 The set of items 

Parameters 

𝑑𝑝𝑖𝑡 Demand of demand zone 𝑖 for item 𝑝 in period 𝑡  

𝛼𝑝𝑡 Total number of available items 𝑝 in period 𝑡 

𝛽𝑓𝑖𝑝𝑡 The unit of shipment cost from the fulfilment centre f to demand zone 𝑖 in period 𝑡 

ℎ𝑝𝑓𝑡 The unit of storage cost of item 𝑝 in fulfilment center 𝑓 in period 𝑡 

𝜛𝑓𝑡 The capacity of fulfilment center 𝑓 in period 𝑡 

𝑟𝑝𝑓𝑡 The processing cost of item 𝑝 in fulfilment center 𝑓 in period 𝑡 

𝑣𝑝 The volume of item 𝑝 

Decision Variables 

𝑥𝑝𝑓𝑡 Quantity of item 𝑝 shipped to fulfilment center 𝑓 in period 𝑡 

𝑦𝑓𝑖𝑝𝑡 Quantity of item 𝑝 shipped from fulfilment center 𝑓 to demand zone 𝑖 in period 𝑡 

𝑞𝑝𝑓𝑡 The inventory level of fulfilment center 𝑓 for item 𝑝 in period 𝑡 

 

We can formulate the online-retail inventory management problem (1) as follows: 
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𝑍𝑂𝑃𝑇 =
𝑀𝑖𝑛
𝑥, 𝑞, 𝑦

  

 (∑ 𝑟𝑝𝑓𝑡 ∗ 𝑥𝑝𝑓𝑡
𝑝,𝑓,𝑡

+ ∑ ℎ𝑝𝑓𝑡 ∗ 𝑞𝑝𝑓𝑡
𝑝,𝑓,𝑡

+ ∑ 𝛽𝑓𝑖𝑝𝑡 ∗ 𝑦𝑓𝑖𝑝𝑡
𝑓,𝑖,𝑝,𝑡

)                      (1𝑎) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 

∑𝑦𝑓𝑖𝑝𝑡
𝑓

≥ 𝑑𝑝𝑖𝑡                                          ∀ 𝑝, 𝑖, 𝑡                                      (1𝑏) 

𝑞𝑝𝑓𝑡 = 𝑞𝑝𝑓,𝑡−1 + 𝑥𝑝𝑓𝑡 −∑𝑦𝑓𝑖𝑝𝑡
𝑖

            ∀ 𝑝, 𝑓, 𝑡                                (1𝑐) 

∑𝑥𝑝𝑓𝑡
𝑓

≤ 𝛼𝑝𝑡                                       ∀ 𝑝, 𝑡                                              (1𝑑) 

 ∑𝑣𝑝𝑞𝑝𝑓,𝑡−1
𝑝

+∑𝑣𝑝𝑥𝑝𝑓𝑡
𝑝

≤ 𝜛𝑓𝑡                  ∀ 𝑓, 𝑡                                 (1𝑒) 

 𝑥𝑝𝑓𝑡,  𝑞𝑝𝑓𝑡, 𝑦𝑓𝑖𝑝𝑡 ∈ 𝑍
+                                                                                  (1𝑓) 

The objective function (1𝑎) aims to minimize the overall costs related to processing, storage, 

and transportation. The first constraint set (1b) guarantees that the total quantity shipped from all 

fulfilment centres must meet the demand of item 𝑝 for demand zone 𝑖 in each time period. The 

second equation (1c) captures the inventory balance for each fulfilment centre within each item 

and time period. It ensures that the inventory level at each centre is equal to the inventory level 

from the previous period plus the quantity assigned to the centre, subtracting the total quantity 

shipped from this centre to all demand zones. The third constraint set (1d) guarantees that the total 

quantity assigned to all fulfilment centres does not exceed the total supply. The constraint set (1e) 

indicates that the sum of the quantity assigned to fulfillment center 𝑓 and the inventory carried 

over from the previous period must be less than or equal to the storage capacity of fulfillment 

center 𝑓. The last constraint set (1f) defines the domain and type of decision variables. Among 

variables defined above, 𝑥𝑝𝑓𝑡 and 𝑦𝑓𝑖𝑝𝑡 are key variables, while 𝑞𝑝𝑓𝑡 is a secondary variable, as its 

value can be obtained from 𝑥𝑝𝑓𝑡 and 𝑦𝑓𝑖𝑝𝑡 through flow balance equation. 

3.1. Complexity of problem 

Here, we interpret the original program as a network flow problem, incorporating additional 

'non-network' type side constraints (1e). First, the constraint sets (1b) and (1d) represent capacity 

constraints, which can be expressed as 𝑙 ≤ 𝑥 ≤ 𝑢. To demonstrate that equation set (1c) is a 
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network conservation equation, shift all variables in (1c) to the left-hand side of the equations. 

Consequently, each variable in (1c) appears at most twice, once with a coefficient of + 1 and once 

with a coefficient of -1, which can be written as 𝐵𝑥 = 0, where 𝐵 is a total unimodular matrix. In 

addition, the constraint set (1e) is a multiple knapsack problem with weights 𝜆𝑗  and a set of 

knapsacks 𝑀 = {1,… ,𝑚} with positive capacities 𝜓𝑖 which can be written in the form of 

∑ 𝜆𝑗
𝑁
𝑗=1 𝑥𝑖𝑗 ≤ 𝜓𝑖,   𝑖 = 1, … ,𝑚 or equivalently 𝜆𝑇𝑥 ≤ 𝜓. Therefore, the original problem can be 

presented as: 

min{𝑐𝑇𝑥:  𝐵𝑥 = 0 , 𝜆𝑇𝑥 ≤ Ψ, 𝑙 ≤ 𝑥 ≤ 𝑢 𝑎𝑛𝑑  𝑥 ∈ 𝑧𝑛} 

Where 𝑀 = 𝐹,𝑁 = 𝑃, 𝜆𝑇 = 𝑣, 𝜓 = 𝜛, 𝑙 = 𝛼, 𝑢 = 𝑑, 𝑐𝑇 = (𝑟 ℎ 𝛽), and 𝐵 = {−1,0,1}|𝐴|∗|𝐸|. 

Here, |𝐴| and |𝐸| denote the number of nodes and arcs in the corresponding network, respectively. 

As a result, the problem combines aspects of network flow and bounded multiple knapsack 

problems. Our objective is to demonstrate the NP-completeness of the aforementioned problem. 

The complexity of the problem depends on the complexity of the knapsack constraint. If we apply 

the Lagrangian relaxation method to this constraint, the reaming problem is transformed to a linear 

programming (LP) model which can be solved in polynomial time. The following paragraphs 

provide clarification on why we believe the problem is NP-complete. 

To demonstrate the dynamic online-retail inventory management Problem is NP-hard in the 

strong sense, we consider its decision version and prove that the decision version of the Dynamic 

Promotion Planning Optimization Problem is NP-complete. 

DEFINITION 1.3.1 (decision dynamic online-retail inventory management problem). Given a 

set of items 𝑝 ∈ 𝑃, warehouses 𝑓 ∈ 𝐹, demand zones 𝑖 ∈ 𝐼, planning period 𝑡 ∈ 𝑇, and parameters 

demand 𝑑𝑝𝑖𝑡 , supply 𝛼𝑝𝑡, transportation cost 𝛽𝑓𝑖𝑝𝑡, holding cost ℎ𝑝𝑓𝑡, receiving cost 𝑟𝑝𝑓𝑡, 

warehouse capacity 𝜛𝑓, and item volume 𝑣𝑝, does there exist a feasible solution to the formulation 

(1) with an objective value less than or equal Ω? 

We propose a polynomial time reduction from the bounded multiple knapsack problem to the 

decision dynamic online-retail inventory management problem. We demonstrate that for every 

instance of the bounded multiple knapsack problem (denoted by 𝐼𝑀𝐾𝑃) and its reduced decision 
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dynamic online-retail inventory management problem instance (denoted by 𝐼𝐷𝐼𝑀), the answer to 

𝐼𝑀𝐾𝑃 is “yes” if, and only if, the answer to 𝐼𝐷𝐼𝑀 is “yes”. 

DEFINITION 2.3.1 (Bounded Multiple Knapsack Problem). Given a finite set 𝑀 of 

knapsacks, each with a capacity of 𝜓𝑙 for 𝑙 ∈ 𝑀, and a finite set 𝑁 of items, each with a 

corresponding weight 𝜆𝑗 and cost 𝜍𝑗 in which 𝑜𝑗 identical copies of item type 𝑗 must be used for 

𝑗 ∈ 𝑁, does there exist a feasible solution to the following formulation with objective function 

value at most 𝛿? 

𝐵𝑀𝐾𝑃 − 𝐷𝑒𝑐𝑖𝑠𝑖𝑜𝑛 =

{
 
 
 
 
 

 
 
 
 
 

𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛 𝑥 𝑤𝑖𝑡ℎ 

∑𝜍𝑗𝑥𝑗𝑙 ≤ 𝛿

𝑙,𝑗

                               

 ∑𝜆𝑗𝑥𝑗𝑙 ≤ 𝜓𝑙,

𝑛

𝑗=1

      𝑙 = 1,… ,𝑀

∑𝑥𝑗𝑙

𝑚

𝑙=1

≥ 𝑜𝑗 ,      𝑗 = 1,… , 𝑁      

𝑥𝑗𝑙 ∈ 𝑍
+,   𝑙, 𝑗 = 1,… ,𝑁 }

 
 
 
 
 

 
 
 
 
 

 

The bounded Multiple knapsack problem has been shown to be NP-complete (Kellerer et al., 

2004). In what follows, we describe a reduction from the bounded multiple knapsack problem to 

the decision dynamic online-retail inventory management problem. 

 Polynomial Reduction. Here, we take the instance of the 𝐼𝑀𝐾𝑃 and transform it to the instance of 

the 𝐼𝐷𝐼𝑀. Let each knapsack 𝑙 ∈ 𝑀 corresponds to a warehouse 𝑓 ∈ 𝐹, and each item 𝑗 ∈ 𝑁 in 𝐼𝑀𝐾𝑃  

corresponds to a product 𝑝 ∈ 𝑃 in 𝐼𝐷𝐼𝑀. Let 𝑃 = 𝑁, 𝐹 = M, and |𝑇| = 1. For each item 𝑝 ∈ 𝑃, 

demand points 𝑖 ∈ 𝐼 and periods 𝑡 ∈ 𝑇, the parameters of objective function are defined as 𝑟𝑝𝑓𝑡 =

𝜍𝑗 , ℎ𝑝𝑓𝑡 = 𝜍𝑗 , 𝛽𝑓𝑖𝑝 = 𝜍𝑗 . For each item 𝑝 ∈ 𝑃, the volume is 𝑣𝑝 = 𝜆𝑗, and demand is set to be 𝑑𝑝𝑖𝑡 =

𝑜𝑗. The capacity of warehouse 𝑓 is 𝜛𝑓 = 𝜓𝑙 .  

Finally, the objective function of 𝐼𝐷𝐼𝑀 is equal to ∑ 𝜍𝑗 ∗ 𝑥𝑝𝑓𝑡𝑝,𝑓,𝑡 + ∑ 𝜍𝑗 ∗ 𝑞𝑝𝑓𝑡𝑝,𝑓,𝑡 +

∑ 𝜍𝑗 ∗ 𝑦𝑓𝑖𝑝𝑡𝑓,𝑖,𝑝,𝑡 . According to this reduction |𝑇| = 1, so 𝑞𝑝𝑓𝑡 = 𝑥𝑝𝑓𝑡 − ∑ 𝑦𝑓𝑖𝑝𝑡𝑖 , so we have 

∑ 𝜍𝑗 ∗ 𝑥𝑝𝑓𝑡𝑝,𝑓,𝑡 + ∑ 𝜍𝑗𝑝,𝑓,𝑡 (𝑥𝑝𝑓𝑡 − ∑ 𝑦𝑓𝑖𝑝𝑡𝑖 ) + ∑ 𝜍𝑗 ∗ 𝑦𝑓𝑖𝑝𝑡𝑓,𝑖,𝑝,𝑡 = 2∑ 𝜍𝑗 ∗ 𝑥𝑝𝑓𝑡𝑝,𝑓,𝑡 . Thus Ω =

2∑ 𝜍𝑗 ∗ 𝑥𝑝𝑓𝑡𝑝,𝑓,𝑡 . We can also map the objective function 𝐼𝑀𝐾𝑃 to the objective function of the 
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original problem. Since ∑ 𝜍𝑗𝑥𝑗𝑙 ≤ 𝛿𝑙,𝑗   , the value of objective function 𝐼𝐷𝐼𝑀 will be at most 2𝛿, 

therefore Ω = 2𝛿. 

• Proof that “yes” to 𝑰𝑴𝑲𝑷 Implies “yes” to 𝑰𝑫𝑰𝑴 . 

Given a feasible solution for 𝐼𝑀𝐾𝑃 defined as follows: 

 ∃ 𝑥⃛𝑗𝑙 ∈ 𝑍
+ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ 𝑥⃛𝑗𝑙

𝑚
𝑙=1 ≥ 𝑜𝑗 and ∑ 𝜆𝑗𝑥⃛𝑗𝑙 ≤ 𝜓𝑙

𝑛
𝑗=1  ∀ 𝑙 ∈ 𝑀, 𝑗 ∈ 𝑁, consider the 

following policy for 𝐼𝐷𝐼𝑀 such that  

Α(𝐼𝐷𝐼𝑀) =

{
 
 

 
 
𝑥𝑝𝑓𝑡 = 𝑥𝑗𝑙                       

𝑦𝑓𝑖𝑝𝑡 = 𝑚𝑖𝑛 {𝑥𝑗𝑙 ,𝑑𝑝𝑖𝑡}

𝑞𝑝𝑓𝑡 = 𝑥𝑝𝑓𝑡 −∑𝑦
𝑓𝑖𝑝𝑡

𝑖

                   

𝑖𝑓 ∃ 𝑥𝑗𝑙 ∈ 𝑍
+ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑𝑥𝑗𝑙

𝑚

𝑙=1

≥ 𝑜𝑗

   𝑎𝑛𝑑 ∑𝜆𝑗𝑥𝑗𝑙 ≤ 𝜓𝑙

𝑛

𝑗=1

  ∀ 𝑙 ∈ 𝑀, 𝑗 ∈ 𝑁

 

Where 𝑑𝑝𝑖𝑡 = 𝑜𝑗, 𝜛𝑓 = 𝜓𝑙, 𝑣𝑝 = 𝜆𝑗, and 𝑑𝑝𝑖𝑡 ≤ 𝛼𝑝𝑡. The above policy Α(𝐼𝐷𝐼𝑀) is feasible for 

𝐼𝐷𝐼𝑀 as well. This is because if 𝑥𝑗𝑙 is a feasible solution to 𝐼𝑀𝐾𝑃, the capacity and demand fulfilment 

constraints (1b) and (1e) are immediately satisfied. Since we have 𝑑𝑝𝑖𝑡 ≤ 𝛼𝑝𝑡, the constraint (1d) 

is also satisfied. Thus, a feasible solution for 𝐼𝑀𝐾𝑃 guarantees a feasible policy for 𝐼𝐷𝐼𝑀.  

Moreover, since 𝑥𝑗𝑙 is feasible for 𝐼𝑀𝐾𝑃, it implies: ∑ 𝜍𝑗𝑥𝑗𝑙 ≤ 𝛿𝑙,𝑗 , Consider 𝑟𝑝𝑓𝑡 = ℎ𝑝𝑓𝑡 =

𝛽𝑓𝑖𝑝 = 𝜍𝑗       ∀𝑝 ∈ 𝑃, 𝑖 ∈ 𝐼, 𝑓 ∈ 𝐹. Substituting these into the objective function (1-1), we have: 

∑ 𝜍𝑗 ∗ 𝑥𝑝𝑓𝑡
𝑝,𝑓,𝑡

+ ∑ 𝜍𝑗 ∗ (𝑥𝑝𝑓𝑡 −∑𝑦𝑓𝑖𝑝𝑡
𝑖

)

𝑝,𝑓,𝑡

+ ∑ 𝜍𝑗 ∗∑𝑦𝑓𝑖𝑝𝑡
𝑖𝑝,𝑓,𝑡

= 2∑ 𝜍𝑗 ∗ 𝑥𝑝𝑓𝑡
𝑝,𝑓,𝑡

= 2∑𝜍𝑗 ∗ 𝑥𝑗𝑙
𝑗,𝑙

≤ 2𝛿 

Where 2𝛿 = Ω. Hence, given that there is a feasible solution for 𝐼𝑀𝐾𝑃, there exists an optimal 

policy to 𝐼𝐷𝐼𝑀 with the cost at most Ω. □ 

• Proof that “yes” to 𝑰𝑫𝑰𝑴 Implies “yes” to 𝑰𝑴𝑲𝑷. 

A feasible solution for 𝐼𝐷𝐼𝑀 implies all the constraints of the formulation (1) are satisfied. Given 

a feasible solution for 𝐼𝐷𝐼𝑀, consider the following policy for 𝐼𝑀𝐾𝑃 such that  

Α′(𝐼𝑀𝐾𝑃) = {𝑥𝑗𝑙 = 𝑥̃𝑝𝑓𝑡        𝑖𝑓 ∃ 𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝐼𝐷𝐼𝑀 
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Having |𝑇| = 1, the policy Α′(𝐼𝑀𝐾𝑃) will be also feasible for 𝐼𝑀𝐾𝑃 as well. When 𝑥̃𝑝𝑓𝑡 is feasible 

for 𝐼𝐷𝐼𝑀, it means the constraints ∑ 𝜆𝑗𝑥𝑗𝑙 ≤ 𝜓𝑙  
𝑛
𝑗=1 and ∑ 𝑥𝑗𝑙

𝑚
𝑙=1 ≥ 𝑜𝑗 are met automatically. 

Additionally, since the feasible solution to 𝐼𝐷𝐼𝑀 has a cost at most Ω, Ω ≥ ∑ 𝜍𝑗 ∗ 𝑥̃𝑝𝑓𝑡𝑝,𝑓,𝑡 +

∑ 𝜍𝑗 ∗ 𝑞̃𝑝𝑓𝑡𝑝,𝑓,𝑡 + ∑ 𝜍𝑗 ∗ 𝑦̃𝑓𝑖𝑝𝑡𝑓,𝑖,𝑝,𝑡 . In the optimal solution 𝑥̃𝑝𝑓𝑡 = ∑ 𝑦̃𝑓𝑖𝑝𝑡𝑖 , then 𝑞̃𝑝𝑓𝑡 = (𝑥̃𝑝𝑓𝑡 −

∑ 𝑦̃𝑓𝑖𝑝𝑡𝑖 ) , so we have 

Ω ≥ ∑ 𝑟𝑝𝑓𝑡 ∗ 𝑥̃𝑝𝑓𝑡
𝑝,𝑓,𝑡

+ ∑ ℎ𝑝𝑓𝑡 ∗ (𝑥̃𝑝𝑓𝑡 −∑ 𝑦̃
𝑓𝑖𝑝𝑡

𝑖

)

𝑝,𝑓,𝑡

+ ∑ 𝛽𝑓𝑖𝑝𝑡 ∗ 𝑦̃𝑓𝑖𝑝𝑡
𝑓,𝑖,𝑝,𝑡

 

= ∑(𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡) ∗ 𝑥̃𝑝𝑓𝑡
𝑝,𝑓,𝑡

+ ∑ (𝛽𝑓𝑖𝑝𝑡 − ℎ𝑝𝑓𝑡) ∗ 𝑦̃𝑓𝑖𝑝𝑡
𝑓,𝑖,𝑝,𝑡

 

= ∑(𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡) ∗∑ 𝑦̃
𝑓𝑖𝑝𝑡

𝑖𝑝,𝑓,𝑡

+ ∑ (𝛽𝑓𝑖𝑝𝑡 − ℎ𝑝𝑓𝑡) ∗ 𝑦̃𝑓𝑖𝑝𝑡
𝑓,𝑖,𝑝,𝑡

 

= ∑ (𝑟𝑝𝑓𝑡 + 𝛽𝑓𝑖𝑝𝑡) ∗ 𝑦̃𝑓𝑖𝑝𝑡
𝑝,𝑓,𝑖,𝑡

 

 Considering 𝑟𝑝𝑓𝑡 = 𝛽𝑓𝑖𝑝𝑡 = 𝜍𝑗, we have Ω ≥ 2∑ 𝜍𝑗 ∗ 𝑦̃𝑓𝑖𝑝𝑡𝑝,𝑓,𝑖,𝑡  which leads to ∑ 𝜍𝑗 ∗𝑝,𝑓,𝑡

∑ 𝑦̃
𝑓𝑖𝑝𝑡𝑖 = ∑ 𝜍𝑗 ∗ 𝑥̃𝑝𝑓𝑡𝑝,𝑓,𝑡 ≤

Ω

2
. According to the reduction described earlier Ω = 2𝛿. As a result, 

the constraint ∑ 𝜍𝑗𝑥𝑗𝑙 ≤ 𝛿𝑙,𝑗  will be satisfied. Therefore, given that there is an optimal policy to 

𝐼𝐷𝐼𝑀 with cost at most Ω, there exists a feasible solution for 𝐼𝑀𝐾𝑃. □ 

Considering the polynomial time reduction from the bounded multiple knapsack problem to the 

Decision dynamic online-retail inventory management problem and given that every instance of 

the bounded multiple knapsack problem, 𝐼𝑀𝐾𝑃, can be reduced to the Decision dynamic online-

retail inventory management problem instance 𝐼𝐷𝐼𝑀, BMKP-decision has a feasible solution if and 

only if the corresponding decision dynamic online-retail inventory management problem has a 

feasible solution. In other words, the answer to 𝐼𝑀𝐾𝑃 is “yes” if and only if, the answer to 𝐼𝐷𝐼𝑀 is 

“yes”. Therefore, it can be concluded that the Decision dynamic online-retail inventory 

management problem is equally hard as the problem of bounded multiple knapsack problem. 

Hence, the dynamic online-retail inventory management Problem is NP-complete. 
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4. Approximation Algorithm 

Given that the optimal model (1) is NP-hard in the strong sense, finding an exact solution is 

computationally intractable even for small instances. As a result, heuristic techniques such as the 

Greedy algorithm offer a practical approach to achieve near-optimal solutions within a reasonable 

time. The Greedy algorithm is an optimization technique that makes the best local choice at each 

stage, but it does not guarantee a globally optimal solution. Although it usually provides a sub-

optimal solution, its main advantage lies in its ability to solve problems much faster, often within 

polynomial time. 

Below, we describe our suggested Greedy algorithm for solving the optimal model (1). 

4.1. Greedy Algorithm 

The greedy algorithm for solving model (1) begins by forming a group of bundles 𝜑 = (𝑝, 𝑖)  

for each period where 𝑝 and 𝑖 stand for the items and demand points respectively. It then prioritizes 

these bundles based on the maximum value potential function 𝜌. In the subsequent section, we will 

discuss the potential function and how it is designed. The algorithm is designed to determine the 

flow of each warehouse 𝑓 for each bundle 𝜑, denoted as 𝑦̃𝑓𝜑𝑡 , from which the values of other 

variables 𝑥̃𝑓𝑝𝑡, 𝑞̃𝑓𝑝𝑡  are derived. 𝑥̃𝑓𝑝𝑡, 𝑞̃𝑓𝑝𝑡 are the decision variables in the model (1) which are 

defined as the value of initial stocking, and the inventory level of warehouse 𝑓, respectively. Here, 

the tilde (~) is used for each variable to indicate that the solution is obtained through heuristic, 

distinguishing it from the optimal solution. Additionally, the algorithm employs a backward 

strategy to address the dynamic nature of model. Hence, starting from the last period, the bundles 

are arranged in decreasing order of potential function 𝜌, the highest priority bundle is picked, and 

among different warehouses, the one with minimum cost, denoted as 𝑓∗, is selected for this 

particular bundle 𝜑. Subsequently, the value of 𝑦̃𝑓𝜑𝑡 is determined by the minimum of 𝑑𝜑𝑡 and the 

current capacity of warehouse 𝑓∗, i.e., 𝑦̃𝑓∗𝜑𝑡 = min {𝑑𝜑𝑡, (𝜛𝑓∗𝑡 − 𝑤̅𝑓∗𝑡) 𝑣𝑝⁄ } where 𝑤̅𝑓𝑡 is the 

auxiliary variable representing the utilized capacity of 𝑓∗ . If 𝑦̃𝑓∗𝜑𝑡 = 𝑑𝜑𝑡, warehouse 𝑓∗ can fully 

satisfy 𝑑𝜑𝑡, otherwise, the model proceeds to the next cheapest warehouses until 𝑑𝜑𝑡 is fully 

satisfied.   

Once 𝑦̃𝑓∗𝜑𝑡 has been established for every bundle 𝜑, the algorithm now seeks to find out the values 

of 𝑥̃𝑓𝑝𝑡 and 𝑞̃𝑓𝑝𝑡. Up until to this point, it has been identified which warehouse is responsible for 
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fulfilling the bundle 𝜑 = (𝑝, 𝑖). To determine how to stock the warehouses 𝑓 with each item 𝑝, 

i.e., the value of 𝑥̃𝑓𝑝𝑡, we define new bundle 𝜑1 = (𝑓
∗, 𝑝). This approach is adopted because 

variables of 𝑥̃𝑓𝑝𝑡 and 𝑞̃𝑓𝑝𝑡 depend on the warehouse 𝑓 and the item 𝑝, but not on the demand point 

𝑖. By introducing 𝜑1, we simplify the analysis as it allows us to focus on the relationships between 

warehouses and items without considering individual demand points directly. 

The bundles 𝜑1 are arranged in decreasing order based on the total value of 𝑦̃𝜑1𝑖𝑡 for all demand 

points 𝑖, and inventory level of each warehouse for the current period, i.e., 𝑞̃𝜑1𝑡 . Given that the 

algorithm starts from the last period and 𝑞̃𝜑1𝑡 represents the inventory level at the end of the period, 

the value of 𝑞̃𝜑1𝑡 is initially zero, meaning that 𝑞̃𝜑1𝑇 = 0. 

The value of 𝑥̃𝜑1𝑡 is determined based on the minimum of (∑ 𝑦̃𝜑1𝑖𝑡𝑖 + 𝑞̃𝜑1𝑡) and total current 

supply (𝛼𝑝𝑡 − 𝛼̅𝑝𝑡) for item p, i.e., 𝑥̃𝜑1𝑡 = 𝑚𝑖𝑛 {(∑ 𝑦̃𝜑1𝑖𝑡𝑖 + 𝑞̃𝜑1𝑡), 𝛼𝑝𝑡 − 𝛼̅𝑝𝑡}; where 𝛼𝑝𝑡 stands 

for the supply of item 𝑝, and 𝛼̅𝑝𝑡 is the utilized portion of 𝛼𝑝𝑡. If the supply is insufficient such 

that 𝑥̃𝜑1𝑡 ≠ (∑ 𝑦̃𝜑1𝑖𝑡𝑖 + 𝑞̃𝜑1𝑡), the remaining 𝑥̃𝜑1𝑡 will be fulfilled by inventory from previous 

period, 𝑞̃𝜑1,𝑡−1. This ensures that the flow conservation equation 𝑞̃𝜑1,𝑡−1 = ∑ 𝑦̃𝜑1𝑖𝑡𝑖 − 𝑥̃𝜑1𝑡 +

𝑞̃𝜑1𝑡 holds, maintaining the balance between total inflow and total outflow for each bundle 𝜑1. 

Once these three variables are established, the model proceeds to the next iteration, period 𝑡 − 1, 

and keeps repeating the same procedure until the variables are determined for all periods. 

The summary of algorithm is as follows: 

Table 2. The summary of greedy algorithm for solving optimal model 

Step 1 Define 𝑁 as the total number of (𝑃, 𝐼) combinations, set 𝑡 = 𝑇, 𝑞̃𝜑1𝑇 = 0 

Step 2 Set 𝑤̅𝑓𝑡 = 0, 𝛼̅𝑝𝑡 = 0 

Step 3 Define 𝜑 = (p, 𝑖), sort them in decreasing order of potential function 𝜌 

Step 4 Set 𝜑 = 1 (represents the bundle (p, 𝑖) with the highest potential function) 

Step 5 Choose a warehouse with the least cost where 𝑓∗ = 𝐴𝑟𝑔𝑚𝑖𝑛{ (𝑟𝑝𝑓𝑡 + h𝑝𝑓𝑡 +

β𝑓𝑖𝑝𝑡)} 

If 𝑤̅𝑓∗𝑡 + 𝑣𝑝 ≤ 𝜛𝑓∗𝑡: 

      Assign bundle 𝜑 to the warehouse  𝑓∗  
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        𝑦̃𝑓∗𝜑𝑡 = min {𝑑𝜑𝑡, (𝜛𝑓∗𝑡 − 𝑤̅𝑓∗𝑡) 𝑣𝑝⁄ } 

        𝑤̅𝑓∗𝑡 = 𝑤̅𝑓∗𝑡 + 𝑣𝑝 ∗ 𝑦̃𝑓∗𝜑𝑡 

       𝑑𝜑𝑡 = 𝑑𝜑𝑡 − 𝑦̃𝑓∗𝜑𝑡 

Else move to Step 6 

Step 6 While 𝑑𝜑𝑡 > 0, then 𝑓∗ = 𝑓∗ + 1, move to step 5 

Step 7 Set 𝜑 = 𝜑 + 1, move to step 5 

Step 8 Define 𝜑1 = (𝑓∗, p), sort them in decreasing order of (∑ 𝑦̃𝜑1𝑖𝑡𝑖 + 𝑞̃𝜑1𝑡) 

Step 9 If 𝛼̅𝑝𝑡 ≤ 𝛼𝑝𝑡: 

    𝑥̃𝜑1𝑡 = 𝑚𝑖𝑛 {(∑ 𝑦̃𝜑1𝑖𝑡𝑖 + 𝑞̃𝜑1𝑡), 𝛼𝑝𝑡 − 𝛼̅𝑝𝑡}  

    𝑞̃𝜑1,𝑡−1 = ∑ 𝑦̃𝜑1𝑖𝑡𝑖 − 𝑥̃𝜑1𝑡 + 𝑞̃𝜑1𝑡     

    𝛼̅𝑝𝑡 = 𝛼̅𝑝𝑡 + 𝑥̃𝜑1𝑡 

Else 𝑥̃𝜑1𝑡 = 0, 𝑞̃𝜑1,𝑡−1 = ∑ 𝑦̃𝜑1𝑖𝑡𝑖 + 𝑞̃𝜑1𝑡 

Step 10 Set 𝜑1 = 𝜑1 + 1, move to step 9 

Step 11 𝑤̅𝑓,𝑡−1 = 𝑤̅𝑓,𝑡−1 + 𝑣𝑝 ∗ 𝑞̃𝜑1,𝑡−1 

Step 12 Set 𝑡 = 𝑡 − 1, move to step 2 

In the next section, we describe the performance of the above algorithm. 

4.2.  Potential function  

Before delving into the performance of the greedy algorithm, let’s discuss the selection criterion 

used for bundles, referred to as the potential function. This criterion is defined as the weighted 

average cost per unit volume for a bundle 𝜑, denoted by 𝜌 =
(∑ 𝜗𝑝𝑓𝑓 )∗d𝜑

𝑣𝑝
, where 𝜑 represents the 

bundle (𝑝, 𝑖), 𝑑𝜑 is the demand for bundle 𝜑, and 𝜗𝑝𝑓𝑡 is the cost of assigning bundle (𝑝, 𝑖) to 

warehouse 𝑓 ∈ 𝐹 where 𝜗𝑝𝑓𝑡 is calculated as 𝜗𝑝𝑓𝑡 = 𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡 +  𝛽𝑓𝑖𝑝𝑡. In the following 

discussion, we aim to justify the rationale behind using this criterion. 

Let’s first consider the potential function excluding ∑ 𝜗𝑝𝑓𝑓 , defined as the ratio of demand to 

volume, denoted by 𝜌 =
d𝜑

𝑣𝑝
. When employing the greedy algorithm, bundles are arranged in 

descending order of this efficiency measure. The algorithm selects the bundle with the highest 

efficiency and assigning it to the most cost-effective warehouses to meet the demand for that 
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bundle, while taking capacity restrictions into account. Utilizing this approach can yield a feasible 

solution, but in certain special cases, the outcomes may be unsatisfactory. For instance, consider a 

scenario with two bundles, each with volumes 𝑣1 = 1, 𝑣2 = 2 and equal demands of 1. These 

bundles need to be allocated to two warehouses with capacities 𝜛1 = 𝜛2 = 2. The associated 

matrix 𝜗𝑝𝑓𝑡 for a specific period 𝑡 is as follows: 

𝜗𝑝𝑓𝑡 = [
2 4
1 𝑀′

] 

Comparing the efficiencies of the bundles, the Greedy algorithm assigns bundle 1 to warehouse 

1 and bundle 2 to warehouse 2 with a value of 2+ 𝑀′, while the optimal solution is 5. For a suitably 

large selection of 𝑀′, any relative performance guarantee for greedy can be forced to be arbitrarily 

close to infinity. As a result, to avoid this pathological special case, we must modify our sorting 

criteria. The aforementioned issue can be avoided if we swap out 
d𝜑

𝑣𝑝
 with 

(∑ 𝜗𝑝𝑓𝑓 )∗d𝜑

𝑣𝑝
, i.e., sort the 

bundles according to the weighted average cost per unit volume rather than simply the demand. 

Thus, if we repeat the algorithm for the above instance with the new potential function, the 

solutions provided by Greedy and the optimal solution would be the same, and the gap would be 

zero as 𝑀′ approaches a suitably large number.  

4.3. Greedy performance 

The benefit of using the greedy algorithm is twofold: the approach is straightforward to 

implement. In fact, the algorithm follows a clear set of steps, enabling it to handle an NP-hard 

dynamic programming problem through an iterative structure. Additionally, the greedy generally 

has lower computational complexity making it faster and more suitable for large-scale problems 

where speed is critical. However, this is not the case for other optimal algorithms. For instance, 

the branch and bound algorithm requires to do branching on non-integer variables and solving a 

linear programming model at each iteration. In contrast, the greedy algorithm makes a series of 

locally optimal choices at each step (e.g., selecting the warehouse with the least cost) without 

backtracking. Thus, the algorithm can quickly provide a feasible solution to the optimal model. 

However, there are some weaknesses in the algorithm. The solution obtained by the greedy 

method is sub-optimal. As illustrated in Section 4.2, the algorithm's effectiveness heavily relies on 

the potential function 𝜌. This function aims to minimize the worst-case scenario by focusing on 
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bundles with the highest cost. Consequently, the algorithm prioritizes assigning these costly 

bundles, which can lead to suboptimal outcomes.  This assignment strategy might result in bundles 

with lower potential functions being assigned to more expensive warehouses, even though they 

could have been assigned to cheaper ones. As a result, this can increase the overall cost, leading to 

a higher optimality gap and a less efficient solution. Consider the following instance for a specific 

one period. Let 𝜑 = (𝑝, 𝑖) and 𝐹 denote the respective sets of bundles and warehouses. We define 

𝑃ℎ, and 𝑃𝑙 as sets of high-potential and low-potential bundles where the unit assignment cost is 

defined as follows: 

𝜗𝜑𝑓 = {

1                  𝑖𝑓 𝑓 = 1 𝑎𝑛𝑑 𝜑 ∈ 𝑃𝑙
𝑀′       ∀𝑓 ∈ 𝐹\{1} 𝑎𝑛𝑑 𝜑 ∈ 𝑃𝑙
𝑀′               ∀𝑓 ∈ 𝐹 𝑎𝑛𝑑 𝜑 ∈ 𝑃ℎ

 

The bundles in 𝑃ℎ have higher potential function than those in 𝑃𝑙, i.e., 𝜌ℎ > 𝜌𝑙. The total number 

of bundles are 𝑁 which includes 𝑁ℎ for the number of 𝑃ℎ, and 𝑁𝑙 for the number of 𝑃𝑙 where 𝑁 =

𝑁ℎ + 𝑁𝑙. Bundles in 𝑃ℎ and 𝑃𝑙 might be different in volume and demand; however, the following 

relationship holds: 

∑ 𝑣𝑝 ∗ 𝑑𝜑
𝜑∈𝑃𝑙

≤ ∑ 𝑣𝑝 ∗ 𝑑𝜑
𝜑∈𝑃ℎ

 

There are 𝑀 number of warehouses where the capacity of the first one is equal to 𝜛1 =

∑ 𝑣𝑝 ∗ 𝑑𝜑𝜑∈𝑃𝑙 .  

The greedy algorithm prioritizes bundles from 𝑃ℎ over those from 𝑃𝑙  due to their higher 

potential functions. As a result, the algorithm assigns the first bundle from 𝑃ℎ to the minimum cost 

warehouse and continues to assign bundles from 𝑃ℎ to this warehouse until its capacity is 

exhausted. Given the assumption that the capacity of the first warehouse (𝜛1 = ∑ 𝑣𝑝 ∗ 𝑑𝜑𝜑∈𝑃𝑙 ) is 

insufficient to accommodate all bundles from 𝑃ℎ, remaining bundles from 𝑃ℎ and all bundles from 

𝑃𝑙 are assigned to subsequent warehouses with unit cost 𝑀′. Consequently, the cost of the greedy 

approach is 𝑍(𝑆𝐺) = 𝑀′∑ 𝑑𝜑𝜑∈𝑃ℎ +𝑀′ ∑ 𝑑𝜑𝜑∈𝑃𝑙 . In contrast, the optimal model assigns all 

bundles from 𝑃𝑙 to the first warehouse with unit cost 1, which can accommodate them, and assigns 

bundles from 𝑃ℎ to the remaining warehouses. This results in a cost 𝑍(𝑆∗) = ∑ 𝑑𝜑𝜑∈𝑃𝑙 +

𝑀′∑ 𝑑𝜑𝜑∈𝑃ℎ . Therefore, the relative performance of the greedy for this specific example will be 
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greater then 1, illustrating how the algorithm's prioritization of high-potential bundles can lead to 

suboptimal solutions. 

Moreover, although the greedy algorithm performs well in a single period, it does not 

necessarily extend its effectiveness to a multi-period programming model. The algorithm addresses 

the dynamic nature of the problem by breaking it down into ∣T∣ individual iterations. However, the 

greedy approach does not account for the interactions between periods when solving a multi-period 

problem. Each period is treated independently without considering the effect of previous periods, 

whereas optimal algorithms consider all periods simultaneously to determine the values of decision 

variables. This lack of integration across periods can limit the effectiveness of the greedy approach 

for multi-period planning. 

The algorithm’s strategy to determine the inventory level of warehouses is suboptimal. In step 

9, after sorting warehouses in decreasing order of (∑ 𝑦̃𝜑1𝑖𝑡𝑖 + 𝑞̃𝜑1𝑡), the algorithm selects the first 

bundle 𝜑1 = (𝑓
∗, 𝑝). The value of 𝑥̃𝜑1𝑡 is then determined based on the minimum of 

(∑ 𝑦̃𝜑1𝑖𝑡𝑖 + 𝑞̃𝜑1𝑡) and total current supply (𝛼𝑝𝑡 − 𝛼̅𝑝𝑡) for each item 𝑝. This approach results in an 

unbalanced inventory distribution across warehouses. Initially selected warehouses end up with 

𝑞̃𝜑1,𝑡−1 = 0, while those chosen later will accumulate a large value 𝑞̃𝜑1,𝑡−1 = (∑ 𝑦̃𝜑1𝑖𝑡𝑖 + 𝑞̃𝜑1𝑡). 

This imbalance can lead to increased storage costs for some warehouses, thereby raising the overall 

cost of the greedy algorithm in certain cases. 

Although the greedy is an efficient method to cope with the NP-hard nature of model (1), it 

does not resolve the issue of computational intractability for large-scale problems. In fact, the 

computation time of greedy is 𝑂(𝑇𝑁𝐹) where 𝑇 is the number of periods, 𝑁 is the number of 

bundles (𝑝, 𝑖) and 𝐹 is the number of warehouses. The algorithm requires enumerating all possible 

combinations of (𝑝, 𝑖) throughout each iteration. Given that the optimal model (1) is large scale, 

this results in an extremely large number of bundles 𝜑. Therefore, we must develop a tractable 

algorithm which creates a trade-off between the running time and approximation ratio. In Section 

5. we describe our new strategy to address this issue. 
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5. Aggregation algorithm 

The greedy algorithm described in Section 4.1 does not completely resolve the issue of 

computational intractability for large-scale problems. With a computation time of 𝑂(𝑇𝑁𝐹), the 

algorithm necessitates enumerating all combinations of bundles (𝑝, 𝑖) in each iteration, leading to 

a significant number of bundles 𝑁 in a large-scale model. Therefore, a more tractable algorithm is 

needed to create a trade-off between the running time and the approximation ratio. Here, we 

propose a new methodology focused on an aggregation approach, which utilizes the greedy 

algorithm as a subroutine. Using this methodology, we can further reduce the computation time 

required to solve a large-scale model, albeit at the expense of a larger optimality gap. 

This section will explain the aggregation approach employed in this work. As mentioned 

previously, we conduct aggregation on three sets: demand zones, fulfillment centers, and items. 

The rationale behind this decision comes from the original model's nature as a NP-hard problem, 

wherein computation time exponentially increases with problem dimensions. While the greedy 

algorithm can somewhat reduce computation time, it is insufficient for large-scale instances due 

to its dependence on the number of bundles. As the problem size increases, the number of bundles 

grows significantly, making the greedy approach impractical for handling large instances. 

Therefore, a more tractable algorithm is necessary to efficiently manage these large-scale 

problems. 

Reducing the model's dimensionality is an effective strategy to make the model tractable from 

both computational and theoretical perspectives. However, it's essential to acknowledge that 

aggregation and disaggregation method results in errors into the decision-making process and 

consequently suboptimality of optimization model. We will delve into this issue in Section 5.4. In 

this section, our focus is on elaborating the aggregation mechanism. 

Handling a substantial number of items complicates the management of product for inventory 

control, particularly as transaction volumes increase. This challenge can be addressed through a 

more effective approach, employing an aggregation method to categorize all products into 

manageable clusters based on their similarities. The values of these various groups can then be 

estimated and assessed by appropriate techniques. Therefore, the aggregation approach will 

facilitate the resource management decision-making process by reducing the dimensionality of the 
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problem (Gustriansyah et al., 2020). Here, we perform aggregation on the three sets of items, 

demand points, and warehouses, based on the historical data from all demand points for various 

items. These aggregated groups remain constant throughout the planning horizon. 

Let the items 𝑃 = {1,… , 𝑙} be a set of 𝑙 items. Suppose 𝑃 is clustered into 𝐶 groups, where the 

set of indices in the 𝑐-th group is denoted 𝑃𝑐 such that ⋃ 𝑃𝑐
𝐶
𝑐=1 = {1,… , 𝑙} and 𝑃𝑐⋂𝑃𝑐′ = ∅  ∀𝑐 

and 𝑐′, 𝑐 ≠ 𝑐′. We also have clustering on demand points and fulfilment points. Let 𝐼 = {1,… , 𝑛} 

be a set of 𝑛 demand points, and 𝐹 = {1,… ,𝑚} be a set of 𝑚 fulfilment points. Suppose 𝐼 and 𝐹 

are grouped into set of clusters  𝐼𝑘, 𝑘 = 1, . . . , 𝐾 and 𝐹𝑤 , 𝑤 = 1, … ,𝑊, such that 𝐼𝑘⋂𝐼𝑘′ = ∅  ∀𝑘, 

⋃ 𝐼𝑘
𝐾
𝑘=1 = {1,… , 𝑛}, 𝐹𝑤⋂𝐹𝑤′ = ∅  ∀𝑤 and ⋃ 𝐹𝑤

𝑊
𝑤=1 = {1,… ,𝑚}. We employ a well-known 

clustering algorithm, k-means, to efficiently perform aggregation. K-means is a centroid-based 

algorithm which aims to aggregate data into a predetermined number of groups while minimizing 

the sum of distances between the points and the centroid of their particular cluster. The clustering 

procedure is performed independently for each set of items, warehouses, and demand points. This 

process involves the consideration of suitable clustering features, such as the geographical 

locations of warehouses and demand sites, as well as item volume, cost, and demand, among 

others. Having completed the clustering process, we will now proceed to determine the parameters 

of the aggregation model. The following explains how to find out the aggregated model's 

parameters. 

To determine the model parameters for the reduced problem, we need to use a method which 

determines weights that reflect the relative importance of the parameters in the original problem 

and using these weights to derive parameters for the reduced problem. To do so, we introduce 

weight vectors 𝑔𝑤𝑐 = {𝑔𝑟𝑓𝑝
𝑤𝑐} , 𝑐 = 1, … , 𝐶, 𝑤 = 1,… ,𝑊, such that ∑ ∑ 𝑔𝑟𝑓𝑝

𝑤𝑐
𝑝∈𝑃𝑐𝑓∈𝐹𝑤 = 1 for 

𝑐 = 1,… , 𝐶 and 𝑤 = 1,… ,𝑊 to convert 𝑟𝑝𝑓𝑡 to the centroid aggregation 𝑟𝑐𝑤𝑡. The nonnegative 

weight vectors 𝑔ℎ𝑓𝑝
𝑤𝑐, 𝑔𝛽𝑓𝑖𝑝

𝑤𝑘𝑐 are also defined to transfer parameters ℎ𝑝𝑓𝑡 and 𝛽𝑓𝑖𝑝𝑡 to their 

aggregation format in the reduced model, respectively. These weight vectors must satisfy the 

normalization condition: 

∑ ∑ 𝑔ℎ𝑓𝑝
𝑤𝑐

𝑝∈𝑃𝑐𝑓∈𝐹𝑤 = 1 for 𝑤 = 1,… ,𝑊, 𝑐 = 1,… , 𝐶 

∑ ∑ 𝑔𝛽𝑓𝑖𝑝
𝑤𝑘𝑐

𝑓∈𝐹𝑤𝑖∈𝐼𝑘 = 1 for 𝑤 = 1,… ,𝑊, 𝑘 = 1,… , 𝐾, 𝑐 = 1,… , 𝐶 
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One way to compute these vectors can be a fixed weight approach which involves a convex 

weighting of the elements inside a cluster, and if elements are homogenous, we can replace it with 

equal weighting. For instance, each element of vector 𝑔𝑤𝑐 can be calculated as 
1

|𝑃𝑐||𝐹𝑤|
. 

This type of aggregation is similar to fixed-weight combination approach can be seen as an 

example of column aggregation, when three sets of items, demand and fulfilment points are 

aggregated simultaneously, we have a combination of both columns (variables) and rows 

(constraints) aggregation. 

5.1. Aggregation formulation 

The set of clusters 𝐾 = {𝐼𝑘|𝑘 = 1,… , K}, 𝑊 = {𝐹𝑤|𝑤 = 1, … ,W}, 𝐶 = {𝑃𝑐|𝑐 = 1,… , C}, and the 

collection of weight vectors completely define an aggregated problem (6). In order to obtain a 

concise formulation of the aggregate problem, we define: 

𝑑̅𝑐𝑘𝑡 = ∑ 𝑑𝑝𝑖𝑡𝑝∈𝑃𝑐,𝑖∈𝐼𝑘 ,    𝛼̅𝑐𝑡  = ∑ 𝛼𝑝𝑡𝑝∈𝑃𝑐 ,   𝜛̅𝑤𝑡 = ∑ 𝜛𝑓𝑡𝑓∈𝐹𝑤 ,   𝑣̅𝑐 = ∑ 𝑔𝑝
𝑐𝑣𝑝𝑝∈𝑃𝑐 ,  𝑟̅𝑐𝑤𝑡 =

∑ ∑ 𝑔𝑟𝑓𝑝
𝑤𝑐𝑟𝑝𝑓𝑡𝑝∈𝑃𝑐𝑓∈𝐹𝑤 ,     ℎ̅𝑐𝑤𝑡 = ∑ ∑ 𝑔ℎ𝑓𝑝

𝑤𝑐ℎ𝑝𝑓𝑡𝑝∈𝑃𝑐𝑓∈𝐹𝑤 ,     𝛽̅𝑤𝑘𝑐 = ∑ ∑ 𝑔𝛽𝑓𝑖𝑝
𝑤𝑘𝑐𝛽𝑓𝑖𝑝 𝑖∈𝐼𝑘𝑓∈𝐹𝑤  

The following is then an aggregated version of original problem (1): 

𝑍̅𝐴𝐺𝐺 =
𝑚𝑖𝑛
𝑥̅, 𝑞̅, 𝑦̅ 

 (∑ 𝑟̅𝑐𝑤𝑡𝑥̅𝑐𝑤𝑡
𝑐,𝑤,𝑡

+ ∑ ℎ̅𝑐𝑤𝑡 𝑞̅𝑐𝑤𝑡
𝑐,𝑤,𝑡

+ ∑ 𝛽̅𝑤𝑘𝑐𝑡𝑦̅𝑤𝑘𝑐𝑡
𝑐,𝑤,𝑘,𝑡

)                         (2𝑎) 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 

∑𝑦̅𝑤𝑘𝑐𝑡
𝑤

≥ 𝑑̅𝑐𝑘𝑡                                  ∀ 𝑐, 𝑘, 𝑡                                                     (6𝑏) 

 𝑞̅𝑐𝑤𝑡 =  𝑞̅𝑐𝑤,𝑡−1 + 𝑥̅𝑐𝑤𝑡 −∑𝑦̅𝑤𝑘𝑐𝑡
𝑘

                         ∀ 𝑐, 𝑤, 𝑡                            (6𝑐) 

∑𝑥̅𝑐𝑤𝑡
𝑤

≤ 𝛼̅𝑐𝑡                                                                     ∀𝑐, 𝑡                             (6𝑑) 

∑𝑣̅𝑐 𝑞̅𝑐𝑤,𝑡−1
𝑐

+∑𝑣̅𝑐𝑥̅𝑐𝑤𝑡
𝑐

≤ 𝜛̅𝑤𝑡                               ∀ 𝑤, 𝑡                            (6𝑒) 

 𝑥̅𝑐𝑤𝑡,  𝑞̅𝑐𝑤𝑡, 𝑦̅𝑤𝑘𝑐𝑡 ≥ 0, 𝐼𝑛𝑡𝑒𝑔𝑒𝑟                                                                            (6𝑓) 
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This problem represents a reduced form of the original problem (1), whereby the original sets 

𝐼, 𝐹 and 𝑃 are reduced to 𝐾,𝑊 and C, respectively. Therefore, in the worst-case scenario, the time 

required to solve the aggregated problem grows exponentially with respect to the size of the 

clusters rather than the original input size. The resulting policy from the aggregated model is 

denoted by 𝑥̅∗𝑐𝑤𝑡,  𝑞̅
∗
𝑐𝑤𝑡

, and 𝑦̅∗
𝑤𝑘𝑐𝑡

. 

5.2. Disaggregation steps and formulations 

In this section, we detail the process of converting the aggregated solution of problem (6) into 

a feasible solution for the original problem (1). This process involves breaking down the 

aggregated decisions into more detailed, and individual decisions, corresponding to the specific 

variables in the original problem.  

The simplest way to obtain a feasible solution to the original problem (1) from an aggregated 

solution (6) is to use the fixed-weight disaggregation. Denoting 𝑥̂𝑓𝑝𝑡, 𝑞̂𝑓𝑝𝑡, and 𝑦̂𝑓𝑝𝑖𝑡 as the 

solutions directly derived from the aggregated problem (6), under the fixed-weight disaggregation 

approach, they would be represented as follows: 𝑥̂𝑓𝑝𝑡 = 𝑔
𝑟𝑓𝑝

𝑤𝑐𝑥̅𝑐𝑤𝑡, 𝑞̂𝑓𝑝𝑡 = 𝑔
ℎ𝑓𝑝

𝑤𝑐𝑞̅𝑐𝑤𝑡, and 𝑦̂𝑓𝑝𝑖𝑡 =

𝑔𝛽𝑓𝑖𝑝
𝑤𝑘𝑐𝑦̅𝑤𝑘𝑐𝑡, respectively. However, in the integer programming case, fixed weight disaggregation 

does not in general result in an integer solution to the original problem. Thus, in our case, problem-

specific procedures can be applied which ensures feasibility. In the following, we have defined a 

three-step hierarchal disaggregation approach as follows: 

• Demand zones disaggregation 

The goal of demand zones disaggregation stage is to determine the flow between each 

aggregated warehouse 𝑤 and each demand point 𝑖 within zone 𝑘, while considering the 

optimal solution of the aggregated model, represented as (𝑥̅𝑐𝑤𝑡
∗ , 𝑞̅𝑐𝑤𝑡

∗ , 𝑦̅𝑤𝑘𝑐𝑡
∗ ).  Since the 

clustering process ensures no intersection between points of different clusters, each 

demand point is assigned to only one zone. Additionally, the flow between the group of 

warehouses 𝑤 and each zone 𝑘 is predetermined; as obtained by solving the aggregated 

model (6) which is denoted as 𝑦̅𝑤𝑘𝑐𝑡
∗ . As a result, we can perform the process of 

disaggregation for each zone 𝑘 independently without impacting the final solution.  

• Warehouses disaggregation 
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Once the flow between each group of  warehouse 𝑤 and each demand zone 𝑖 is specified, 

we proceed to disaggregate the warehouses. To do so, we require the solutions of both the 

aggregation model (6) and the previous stage, i.e., (𝑥̅𝑐𝑤𝑡
∗ , 𝑞̅𝑐𝑤𝑡

∗ , 𝑦𝑤𝑖𝑐𝑡
(1)∗

). The amount of 

inflow, outflow, and inventory level of each fulfillment center 𝑓 within the aggregated 

warehouse 𝑤 are the decision variables must be determined in this stage. Similar to the 

previous logic, the solution space of this stage is divided into distinct subspaces, each 

representing a specific cluster 𝑤. Therefore, this allows us to perform disaggregation for 

each group 𝑤 individually. 

• Items disaggregation 

The decision variables for the original problem have been almost estimated up until this 

point, albeit with values obtained for the aggregated items. Now, our task is to specify the 

inventory level, inflow to fulfillment center 𝑓, and the amount of shipment between fulfillment 

center 𝑓 and demand zone 𝑖 for each specific item 𝑝. Thus, the final stage of disaggregation is 

conducted in a similar manner, with the input parameters being the solutions obtained from the 

previous step, represented as ( 𝑥𝑐𝑓𝑡
(2)∗
, 𝑞𝑐𝑓𝑡
(2)∗
 , 𝑦𝑓𝑖𝑐𝑡

(2)∗
). Similar to the preceding stages, this stage 

can be disaggregated individually, as each item is assigned to a single cluster and the solution 

of each cluster 𝑐 is predetermined from the previous stage. 
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Figure 2. The detailed workflow of aggregation and disaggregation stages 

Now, we will delve into the details of the optimization models corresponding to each of the 

previously described stages. We will provide a comprehensive explanation of the optimization 

models that utilized to disaggregate demand zones, warehouses, and items, respectively. 

5.2.1. Optimal Disaggregation of demand zones 

Considering the optimal solution of the aggregated model, represented as (𝑥̅𝑐𝑤𝑡
∗ , 𝑞̅𝑐𝑤𝑡

∗ , 𝑦̅𝑤𝑘𝑐𝑡
∗ ), 

the optimal disaggregation of 𝑦̅𝑤𝑘𝑐𝑡
∗  can be achieved by solving subproblems for each 𝑘 = 1,… , 𝐾. 

Each subproblem k includes only the portion of the original problem that coincides with the 

members of each 𝐼𝑘. The objective function value for disaggregation of all demand zones will be 

equal to 𝑍𝐷𝑖𝑠𝑠
𝐷 = ∑ 𝑍𝐷𝑖𝑠𝑠

𝐷
𝑘𝑘∈𝐾  where 𝑍𝐷𝑖𝑠𝑠

𝐷
𝑘
 stands for the objective value of disaggregating 

demand zone 𝑘. 

To determine the disaggregation of demand zones, we define the decision variable 𝑦𝑤𝑖𝑐𝑡
(1)

 for 

each subproblem 𝑘, representing the quantity of aggregated items 𝑐 transferred from aggregated 
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warehouses 𝑤 to demand point 𝑖 within zone 𝑘. Additionally, the parameter 𝛽𝑤𝑖𝑐𝑡
(1)

 is defined to 

denote the unit cost of transporting aggregated items 𝑐 from aggregated warehouses 𝑤 to demand 

point 𝑖 within zone 𝑘. This parameter is calculated as 𝛽𝑤𝑖𝑐𝑡
(1)

= ∑ ∑ 𝑔𝛽𝑓𝑝
𝑤𝑐𝛽𝑓𝑖𝑝𝑡𝑓∈𝐹𝑤𝑝∈𝑃𝑐 . Therefore, 

we can formulate the fist stage disaggregation model (7) in the following way: 

𝑍𝐷𝑖𝑠𝑠
𝐷

𝑘
=
𝑚𝑖𝑛
𝑦(1)

∑ 𝛽𝑤𝑖𝑐𝑡
(1)

∗ 𝑦𝑤𝑖𝑐𝑡
(1)

𝑤,𝑖∈𝐼𝑘,𝑐,𝑡

                                                                (3𝑎) 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:  

∑𝑦𝑤𝑖𝑐𝑡
(1)

𝑤

≥ 𝑑̅𝑐𝑖𝑡                          ∀  𝑖 ∈ 𝐼𝑘, 𝑐, 𝑡                                      (7𝑏) 

∑𝑦𝑤𝑖𝑐𝑡
(1)

𝑖∈𝐼𝑘

≤ 𝑦̅𝑤𝑘𝑐𝑡
∗                       ∀  𝑤, 𝑐, 𝑡                                             (7𝑐) 

𝑦𝑤𝑖𝑐𝑡
(1)

∈ 𝑍+                                                                                              (7𝑑) 

Where the objective function (7a) minimizes total transportation costs for each subproblem 𝑘. 

The constraint set (7b) ensures the fulfillment of the demand for aggregated item 𝑐 at each demand 

point 𝑖 within each zone 𝑘. The constraint set (7c) guarantees that total quantity assigned to all 

demand points 𝑖 within zone 𝑘 does not surpass the aggregated value 𝑦̅𝑤𝑘𝑐𝑡
∗ . The last constraint 

(7d) determines the type of the decision variable 𝑦𝑤𝑖𝑐𝑡
(1)

. 

5.2.2. Optimal Disaggregation of warehouses 

Considering the solution of the first stage disaggregation denoted by 𝑦𝑤𝑖𝑐𝑡
(1)∗

, and the solution of 

the aggregated model, i.e., (𝑥̅𝑐𝑤𝑡
∗ , 𝑞̅𝑐𝑤𝑡

∗ ), we can formulate the optimization model (8) for 

warehouses disaggregation by defining new sets of decision variables and parameters. These are 

outlined below, and the model can be solved independently for each subproblem 𝑤 = 1, . . ,𝑊. The 

objective function value of this stage will be equal to 𝑍𝐷𝑖𝑠𝑠
𝑤 = ∑ 𝑍𝐷𝑖𝑠𝑠

𝑊
𝑤𝑤∈𝑊  where 𝑍𝐷𝑖𝑠𝑠

𝑊
𝑤

 

represents the objective value of solving the subproblem 𝑤. 

Table 3: The lists of sets and notations used in the warehouse disaggregation problem 

Sets  
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𝐼𝑤 The subset of demand points supplied from the aggregated warehouse w defined 

as: 

𝐼𝑤 = {𝑖 ∈ 𝐼|𝑦𝑤𝑖𝑐𝑡
(1)∗

> 0  ∀ 𝑐 ∈ 𝐶, 𝑡 ∈ 𝑇} 

Parameters 

β𝑓𝑖𝑐𝑡
(2)

 The unit of shipment cost from the fulfilment centre f ∈ Fw to demand zone 𝑖 ∈

𝐼𝑤 for cluster 𝑐 in period 𝑡  

ℎ𝑐𝑓𝑡
(2)

 The unit of storage cost of cluster 𝑐 in fulfilment center f ∈ Fw in period 𝑡 

𝑟𝑐𝑓𝑡
(2)

 The receiving cost of cluster 𝑐 in the fulfilment center f ∈ Fw in period 𝑡 

Variables 

𝑥𝑐𝑓𝑡
(2)

 Quantity of cluster 𝑐 shipped to fulfilment center f ∈ Fw in period t 

𝑦𝑓𝑖𝑐𝑡
(2)

 Quantity of cluster 𝑐 shipped from fulfilment center f ∈ Fwto demand zone 𝑖 ∈

𝐼𝑤 in period t 

𝑞𝑐𝑓𝑡
(2)

 The inventory level of fulfilment center f ∈ Fw for cluster 𝑐 in period t 

The parameters β𝑓𝑖𝑐𝑡
(2)

, ℎ𝑐𝑓𝑡
(2)
, 𝑎𝑛𝑑 𝑟𝑐𝑓𝑡

(2)
 are obtained as follows: 

β𝑓𝑖𝑐𝑡
(2)

= ∑ 𝑔
𝑝
𝑐𝛽

𝑓𝑖𝑝𝑡

𝑝∈𝑃𝑐

      ∀ 𝑓 ∈ 𝐹𝑤, 𝑖 ∈ 𝐼𝑤 , t ∈ T 

ℎ𝑐𝑓𝑡
(2)

= ∑ 𝑔
𝑝
𝑐ℎ𝑓𝑝𝑡

𝑝∈𝑃𝑐

      ∀ 𝑓 ∈ 𝐹𝑤, t ∈ T 

𝑟𝑐𝑓𝑡
(2)

= ∑ 𝑔
𝑝
𝑐ℎ𝑓𝑝𝑡

𝑝∈𝑃𝑐

      ∀ 𝑓 ∈ 𝐹𝑤, t ∈ T 

Each sub-problem 𝑤 takes the following form: 

𝑍𝐷𝑖𝑠𝑠
𝑊

𝑤
=

𝑚𝑖𝑛
𝑥(2), 𝑞(2), 𝑦(2)  

 ( ∑ 𝑟𝑐𝑓𝑡
(2)
∗ 𝑥𝑐𝑓𝑡

(2)

𝑓∈𝐹𝑤,𝑐,𝑡

+ ∑ ℎ𝑐𝑓𝑡
(2)
∗ 𝑞𝑐𝑓𝑡

(2)

𝑐,𝑓∈𝐹𝑤,𝑡

+ ∑ 𝛽𝑓𝑖𝑐𝑡
(2)

∗ 𝑦𝑓𝑖𝑐𝑡
(2)

𝑓∈𝐹𝑤,𝑖∈𝐼𝑤,𝑐,𝑡

)                                                                                          (4𝑎) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 
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∑ 𝑦𝑓𝑖𝑐𝑡
(2)

𝑓∈𝐹𝑤

= 𝑦𝑤𝑖𝑐𝑡
(1)∗

                                        ∀ 𝑐, 𝑖 ∈ Iw, 𝑡                        (8𝑏) 

𝑞𝑐𝑓𝑡
(2)

= 𝑞𝑐𝑓,𝑡−1
(2)

+ 𝑥𝑐𝑓𝑡
(2)
−∑ 𝑦𝑓𝑖𝑐𝑡

(2)

𝑖∈𝐼𝑤

           ∀ 𝑐, 𝑓 ∈ 𝐹𝑤 , 𝑡                       (8𝑐) 

∑ 𝑥𝑐𝑓𝑡
(2)

𝑓∈𝐹𝑤

= 𝑥̅∗𝑐𝑤𝑡                                        ∀ 𝑐, 𝑡                                    (8𝑑) 

∑𝑣̅𝑐𝑞𝑐𝑓,𝑡−1
(2)

𝑐

+∑𝑣̅𝑐𝑥𝑐𝑓𝑡
(2)

𝑐

≤ 𝜛𝑓𝑡            ∀ 𝑓 ∈ 𝐹𝑤, 𝑡                           (8𝑒) 

∑ 𝑞𝑐𝑓𝑡
(2)

𝑓∈𝐹𝑤

= 𝑞̅𝑐𝑤𝑡
∗                                          ∀ 𝑐, 𝑡                                      (8𝑓) 

𝑥𝑐𝑓𝑡
(2)
, 𝑞𝑐𝑓𝑡
(2)
, 𝑦𝑓𝑖𝑐𝑡

(2)
∈ 𝑍+                                                                                 (8𝑔) 

The objective function (8a) minimizes the total receiving, storage, and transportation costs for 

each subproblem 𝑤. The constraint set (8b) guarantees that total flow from all fulfilment canters 

within the cluster 𝑤 must match the flow leaving the cluster 𝑤 for a specific demand point 𝑖 and 

aggregated item 𝑐. The constraint (8c) represents the flow conservation. The constraint set (8d) 

ensures that the total quantity assigned to all fulfilment centres within cluster 𝑤 is equal to the total 

aggregated value. Additionally, the remaining constraints include warehouse capacity constraint 

(8e), upper bound for the inventory level of warehouses (8f), and (8g) defines defines the domain 

and type of decision variables. 

5.2.3. Optimal Disaggregation of items 

Here, we formulate an optimization model similar to warehouse disaggregation for this stage 

using the solutions from the previous stage, denoted as (𝑥𝑐𝑓𝑡
(2)∗
, 𝑞𝑐𝑓𝑡
(2)∗
 , 𝑦𝑓𝑖𝑐𝑡

(2)∗
). The disaggregated 

solution can be achieved by solving the subproblems for each 𝑐 = 1, . . . , 𝐶. The overall objective 

function value after disaggregating all clusters 𝑐 = 1, . . . , 𝐶 will be equal to 𝑍𝐷𝑖𝑠𝑠
𝑝 = ∑ 𝑍𝐷𝑖𝑠𝑠

𝑝

𝑐𝑐∈𝐶  

where 𝑍𝐷𝑖𝑠𝑠
𝑝

𝑐
 represents the objective value of solving the subproblem 𝑐. We introduce new sets of 

decision variables including 𝑥𝑝𝑓𝑡
(3)
, 𝑞𝑝𝑓𝑡
(3)
, and 𝑦𝑓𝑖𝑝𝑡

(3)
 to develop the optimization model (9) for each 

subproblem 𝑐. Since the set of parameters are identical to those in the original problem, hence 

won't go into additional detail here. Each sub-problem 𝑐 takes the following form: 
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𝑍𝐷𝑖𝑠𝑠𝑐
𝑃 =

𝑚𝑖𝑛 
𝑥(3), 𝑞(3), 𝑦(3)

( ∑ 𝑟𝑝𝑓𝑡 ∗  𝑥𝑝𝑓𝑡
(3)

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ ℎ𝑝𝑓𝑡 ∗ 𝑞𝑝𝑓𝑡
(3)

𝑝∈𝑃𝑐,𝑓,𝑡

+ ∑ 𝛽𝑓𝑖𝑝𝑡 ∗ 𝑦𝑓𝑖𝑝𝑡
(3)

𝑝∈𝑃𝑐,𝑖,𝑓,𝑡

)   (5𝑎) 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 

∑ 𝑦𝑓𝑖𝑝𝑡
(3)

𝑝∈𝑃𝑐

= 𝑦𝑓𝑖𝑐𝑡
(2)∗
                                                                         ∀ 𝑓, 𝑖, 𝑡                (9𝑏) 

 ∑𝑦𝑓𝑖𝑝𝑡
(3)

𝑓

≥ 𝑑𝑝𝑖𝑡                                                                    ∀ 𝑝 ∈ 𝑃𝑐 , 𝑖, 𝑡                (9𝑐) 

𝑞𝑝𝑓𝑡
(3)

= 𝑞𝑝𝑓,𝑡−1
(3)

+ 𝑥𝑝𝑓𝑡
(3)

−∑𝑦𝑓𝑖𝑝𝑡
(3)

𝑖

                                   ∀ 𝑝 ∈ 𝑃𝑐 , 𝑓, 𝑡               (9𝑑) 

∑ 𝑣𝑝𝑞𝑝𝑓,𝑡−1
(3)

𝑝∈𝑃𝑐

+ ∑ 𝑣𝑝𝑥𝑝𝑓𝑡
(3)

𝑝∈𝑃𝑐

≤ 𝑣̅𝑐 (𝑥𝑐𝑓𝑡
(2)∗ + 𝑞𝑐𝑓,𝑡−1

(2)∗ )                ∀ 𝑓, 𝑡                (9𝑒) 

∑ 𝑥𝑝𝑓𝑡
(3)

𝑝∈𝑃𝑐

= 𝑥𝑐𝑓𝑡
(2)∗                                                                                 ∀ 𝑓, 𝑡                (9𝑓) 

∑ 𝑞𝑝𝑓𝑡
(3)

𝑝∈𝑃𝑐

= 𝑞𝑐𝑓𝑡
(2)∗
                                                                                ∀ 𝑓, 𝑡                (9𝑔) 

𝑥𝑝𝑓𝑡
(3)
, 𝑞𝑝𝑓𝑡
(3)
, 𝑦𝑓𝑖𝑝𝑡
(3)

∈ 𝑍+                                                                                                  (9ℎ) 

Although this problem has the same objective and constraints as the original (1), it is 

significantly more computationally tractable as it only concerns the subset of items 𝑃𝑐 in each sub-

problem 𝑐. However, the level of complexity of this model is the same as warehouse 

disaggregation. 

5.3. Solution approaches 

In this section, we will proceed to describe the solution methods employed to deal with each 

of the disaggregation stages.  

5.3.1. Exact method for demand zone disaggregation 

Due to the total unimodularity property of the constraint matrix used in formulation (7), the first 

stage disaggregation can be solved optimally. In the following we aim to prove this claim. 

Lemma 1. The first stage disaggregation problem (7) can be reduced to Linear 

programming model. 
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Proof. 

Formulation (7) is an instance of integral network flow problem. Let (𝑉, 𝐴) be the 

corresponding directed graph with capacity constraint (0 ≤ 𝑥 ≤ 𝑢) and flow conservation 

constraint 𝐵𝑥 = 0. 𝐵 is the node-arc incidence matrix and can be defined as 𝐵 = 𝐵𝑣,𝑎 ∈

{−1,0,1}|𝑉|∗|𝐴| where 𝐵𝑣,𝑎 = 1 if 𝑎 = (𝑠, 𝑣), 𝐵𝑣,𝑎 = −1 if 𝑎 = (𝑣, 𝑠), and 𝐵𝑣,𝑎 = 0 otherwise. 

According to the Ghouila-Houri theorem (Conforti et al., 2014b), the incidence matrix 𝐵 of any 

directed graph is TU. Additionally, based on Hoffman and Kruskal theorem (Hoffman et al., 1956), 

let 𝐵 ∈ 𝑍𝑚×𝑛, for (𝑑, 𝑏, 𝑙, 𝑢) ∈ (𝑅 ∪ {∞})𝑚 × (𝑅 ∪ {−∞})𝑚 × (𝑅 ∪ {−∞})𝑛 × (𝑅 ∪ {∞})𝑛, 

define the polyhedron Δ as: 

Δ(𝑑, 𝑏, 𝑙, 𝑢) ≔ {𝑥 ∈ 𝑅𝑛: 𝑑 ≤ 𝐵𝑥 ≤ 𝑏, 𝑎𝑛𝑑 𝑙 ≤ 𝑥 ≤ 𝑢} 

𝐵 is TU if and only if Δ(𝑑, 𝑏, 𝑙, 𝑢) is integral for every integer-valued choice of (𝑑, 𝑏, 𝑙, 𝑢). 

In other words, if the constraint matrix is TU, the polyhera is integral for every integer-valued 

of right-hand side. Hence, the linear relaxation of the integral network flow problem has an optimal 

integer-valued vertex solution. Therefore, we can omit the integrality constraints from the problem, 

and reduce it to the linear program. □ 

5.3.2. Approximation method for warehouse disaggregation 

The complexity of optimization model (8) is equivalent to that of the model (1), which is 

classified as NP-hard. Accordingly, we can adjust the greedy algorithm we described in Section 

4.1 to solve the model (8). Given our prior discussion on the algorithm, a detailed explanation is 

omitted here. Instead, a summary of the algorithm is provided below to keep the document concise. 

As mentioned earlier, the warehouse disaggregation model can be broken down into 𝑤 

subproblems and solved separately. The greedy algorithm can be employed for each cluster 𝑤, 

resulting in 𝑍𝐷𝑖𝑠𝑠
𝐺 = ∑ 𝑍𝐷𝑖𝑠𝑠

𝐺
𝑤𝑤 , where 𝑍𝐷𝑖𝑠𝑠

𝐺
𝑤

 represents the cost of greedy algorithm for 

disaggregating each group of 𝑤. 

The greedy algorithm for solving the disaggregated model 𝑤 requires a group of bundles 𝜑 =

(𝑐, 𝑖)  for each period where 𝑐 and 𝑖 stand for the items and demand points respectively. The value 

of 𝑦𝑓∗𝜑𝑡
(2)

 is determined by the minimum of 𝑦𝑤𝜑𝑡
(1)∗

 and the current capacity of warehouse 𝑓∗, i.e., 
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𝑦𝑓∗𝜑𝑡
(2)

= min {𝑦𝑤𝜑𝑡
(1)∗
, (𝜛𝑓∗𝑡 − 𝑤̅𝑓∗𝑡) 𝑣̅𝑐⁄ } where 𝑤̅𝑓𝑡 is the utilized capacity of 𝑓∗. Subsequently, 

we define new bundle 𝜑1 = (𝑓
∗, 𝑐) to determine the variables 𝑥𝑓𝑐𝑡

(2)
 and 𝑞𝑓𝑐𝑡

(2)
. The value of 𝑥𝜑1𝑡

(2)
 is 

determined based on the minimum of (∑ 𝑦𝜑1,𝑖,𝑡
(2)

𝑖 + 𝑞𝜑1𝑡
(2)
) and total current supply (𝜂𝑐𝑡 − 𝜀𝑐̅𝑡) for 

item c, i.e., 𝑥𝜑1𝑡
(2)

= 𝑚𝑖𝑛 {(∑ 𝑦𝜑1,𝑖,𝑡
(2)

𝑖 + 𝑞𝜑1𝑡
(2)
) , 𝜂𝑐𝑡 − 𝜀𝑐̅𝑡}; here, 𝜂𝑐𝑡 stands for the total supply for 

item c, i.e., 𝜂𝑐𝑡 = 𝑥̅
∗
𝑐𝑤𝑡 and 𝜀𝑐̅𝑡 is the utilized portion of supply 𝜂𝑐𝑡 .The summary of algorithm is 

provided as follows: 

Table 4. The summary of greedy algorithm for each cluster (w) 

Step 1 Define 𝑁𝑤 as the total number of (𝐶, 𝐼) combinations in cluster w 

Set 𝑡 = 𝑇, 𝑞𝜑1𝑇
(2)

= 0 

Step 2 Set 𝑤̅𝑓𝑡 = 0, 𝜀𝑐̅𝑡 = 0, 𝜂𝑐𝑡 = 𝑥̅
∗
𝑐𝑤𝑡 

Step 3 Define 𝜑 = (𝑐, 𝑖), sort them in decreasing order of potential function 𝜌 =

∑ (𝑟𝑐𝑓𝑡
(2)
+ℎ𝑐𝑓𝑡

(2)
+β𝑓𝜑𝑡

(2)
)𝑓∈Fw 𝑦𝑤𝜑𝑡

(1)∗

𝑣̅𝑐
 

Step 4 Set 𝜑 = 1 (represents the bundle (p, 𝑖) with the highest potential function) 

Step 5 Choose a warehouse with the least cost where 𝑓∗ = 𝐴𝑟𝑔𝑚𝑖𝑛 { (𝑟𝑐𝑓𝑡
(2)
+ ℎ𝑐𝑓𝑡

(2)
+

β𝑓𝜑𝑡
(2)
)} 

If 𝑤̅𝑓∗𝑡 + 𝑣𝜑 ≤ 𝜛𝑓∗𝑡: 

      Assign bundle 𝜑 to the warehouse  𝑓∗  

        𝑦𝑓∗𝜑𝑡
(2)

= min {𝑦𝑤𝜑𝑡
(1)∗
, (𝜛𝑓∗𝑡 − 𝑤̅𝑓∗𝑡) 𝑣̅𝑐⁄ } 

        𝑤̅𝑓∗𝑡 = 𝑤̅𝑓∗𝑡 + 𝑣̅𝑐 ∗ 𝑦𝑓∗𝜑𝑡
(2)

 

       𝑦𝑤𝜑𝑡
(1)∗

= 𝑦𝑤𝜑𝑡
(1)∗

− 𝑦𝑓∗𝜑𝑡
(2)

 

Else move to step 6 

Step 6 While 𝑦𝑤𝜑𝑡
(1)∗

> 0, then 𝑓∗ = 𝑓∗ + 1, move to step 5 

Step 7 Set 𝜑 = 𝜑 + 1, move to step 5 

Step 8 Define 𝜑1 = (𝑓∗, 𝑐), sort them in decreasing order of (∑ 𝑦𝜑1,𝑖,𝑡
(2)

𝑖 + 𝑞𝜑1𝑡
(2) ) 
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Step 9 If ε𝑐𝑡 ≤ 𝜂𝑐𝑡: 

    𝑥𝜑1𝑡
(2)

= 𝑚𝑖𝑛 {(∑ 𝑦𝜑1,𝑖,𝑡
(2)

𝑖 + 𝑞𝜑1𝑡
(2)
) , 𝜂𝑐𝑡 − 𝜀𝑐𝑡}  

    𝑞𝜑1,𝑡−1
(2)

= ∑ 𝑦𝜑1,𝑖,𝑡
(2)

𝑖 − 𝑥𝜑1𝑡
(2)

+ 𝑞𝜑1𝑡
(2)

     

    𝜀𝑐𝑡 = 𝜀𝑐𝑡 + 𝑥𝜑1𝑡
(2)

 

Else 𝑥𝜑1𝑡
(2)

= 0, 𝑞𝜑1,𝑡−1
(2)

= ∑ 𝑦𝜑1,𝑖,𝑡
(2)

𝑖 + 𝑞𝜑1𝑡
(2)
  

Step 10 Set 𝜑1 = 𝜑1 + 1, move to step 9 

Step 11 𝑤̅𝑓,𝑡−1 = 𝑤̅𝑓,𝑡−1 + 𝑣̅𝑐 ∗ 𝑞𝜑1,𝑡−1
(2)

 

Step 12 Set 𝑡 = 𝑡 − 1, move to step 3 

 

5.3.3. Approximation method for item disaggregation 

The optimization model (9) is characterized as NP-hard, the same as model (1). Consequently, 

we can adjust and apply the greedy algorithm described earlier to solve the model (9) in polynomial 

time.  The items disaggregation model can be decomposed into 𝑐 subproblems and solved 

individually. The greedy algorithm can be utilized for each cluster 𝑐, resulting in 𝑍𝐷𝑖𝑠𝑠
𝑝 =

∑ 𝑍𝐷𝑖𝑠𝑠
𝑝

𝑐𝑐∈𝐶  , where 𝑍𝐷𝑖𝑠𝑠
𝑝

𝑐
 represents the cost of greedy algorithm for disaggregating each cluster 

𝑐. 

We employ a similar approach used for solving the warehouse disaggregation, with the 

exception that certain parameters are modified as outlined in the table below. Since we are solving 

the algorithm for each cluster 𝑐, we first define bundle 𝜑 = (𝑝, 𝑖) for 𝑝 ∈ 𝑝𝑐. Subsequently, we 

introduce parameter  𝛾f𝑡 representing the warehouse capacity for each cluster 𝑐, defined as 𝛾f𝑡 =

𝑣̅𝑐(𝑥𝑐𝑓𝑡
(2)𝐺 + 𝑞𝑐𝑓,𝑡−1

(2)𝐺
). In addition, the supply value for each cluster c equals to 𝜂′𝑓𝑡 = 𝑥𝑐𝑓𝑡

(2)𝐺
. We also 

incorporate new conditions in step 5, ensuring that the total values assigned from warehouse 𝑓 to 

demand point 𝑖 for a specific cluster 𝑐 do not exceed the predetermined flow obtained from the 

previous stage, i.e., 𝑦𝑓∗𝑖𝑐𝑡
(2)𝐺

. The summary of algorithm is provided as follows: 

Table 5. The summary of the greedy algorithm for each cluster (c) 

Step 1 Define 𝑁𝑐 as the total number of (𝑃, 𝐼) combinations in cluster 𝑐 
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Set 𝑡 = 𝑇, 𝑞(3)
φ1,T

= 0 

Step 2 Set 𝑤̅𝑓𝑡 = 0, 𝜀𝑓̅𝑡 = 0, 𝜒̅𝑓𝑖𝑡 = 0, 𝛾f𝑡 = 𝑣̅𝑐(𝑥𝑐𝑓𝑡
(2)𝐺 + 𝑞𝑐𝑓,𝑡−1

(2)𝐺
), 𝜂′𝑓𝑡 = 𝑥𝑐𝑓𝑡

(2)𝐺
 

Step 3 Define 𝜑 = (p, 𝑖), sort them in decreasing order of potential function 𝜌 =

∑ (𝑟𝑝𝑓𝑡+ℎ𝑝,𝑓,𝑡+β𝑓𝜑𝑡)𝑓∈𝐹 𝑑𝜑𝑡

𝑣𝑝
 

Step 4 Set 𝜑 = 1 (represents the bundle (p, 𝑖) with the highest potential function) 

Step 5  Choose a warehouse with the least cost where 𝑓∗ = 𝐴𝑟𝑔𝑚𝑖𝑛{ (𝑟𝑝𝑓𝑡 + ℎ𝑝,𝑓,𝑡 +

β𝑓𝑖𝑝𝑡)} 

 

If 𝑦𝑓∗𝑖𝑐𝑡
(2)𝐺 − 𝜒̅𝑓∗𝑖𝑡 > 0: 

If 𝑤̅𝑓∗𝑡 + 𝑣𝑝 ≤ 𝛾𝑓∗𝑡: 

      Assign bundle 𝜑 to the warehouse  𝑓∗  

        𝑦𝑓∗𝜑𝑡
(3)

= min {𝑑𝜑𝑡, (𝛾𝑓∗𝑡 − 𝑤̅𝑓∗𝑡) 𝑣𝑝⁄ } 

        𝑤̅𝑓∗𝑡 = 𝑤̅𝑓∗𝑡 + 𝑣𝑝 ∗ 𝑦𝑓∗𝜑𝑡
(3)

 

       𝑑𝜑𝑡 = 𝑑𝜑𝑡 − 𝑦𝑓∗𝜑𝑡
(3)

 

       𝜒̅𝑓∗𝑖𝑡 = 𝜒̅𝑓∗𝑖𝑡 + 𝑦𝑓∗𝜑𝑡
(3)

 

Else move to step 6 

Else move to step 6 

Step 6 While 𝑑𝜑𝑡 > 0, then 𝑓∗ = 𝑓∗ + 1, move to step 5 

Step 7 Set 𝜑 = 𝜑 + 1, move to step 5 

Step 8 Define 𝜑1 = (𝑓∗, p), sort them in decreasing order of (∑ 𝑦𝑓∗𝜑𝑡
(3)

𝑖 + 𝑞𝜑1𝑡
(3) ) 

Step 9 If 𝜀𝑓̅𝑡 < 𝜂′𝑓𝑡: 

    𝑥𝜑1𝑡
(3)

= 𝑚𝑖𝑛 {(∑ 𝑦𝜑1,𝑖,𝑡
(3)

𝑖 + 𝑞𝜑1𝑡
(3)
) , 𝜂′𝑓𝑡 − 𝜀𝑓̅𝑡}  

    𝑞𝜑1,𝑡−1
(3)

= ∑ 𝑦𝜑1,𝑖,𝑡
(3)

𝑖 − 𝑥𝜑1𝑡
(3)

+ 𝑞𝜑1𝑡
(3)

     

    𝜀𝑓̅𝑡 = 𝜀𝑓̅𝑡 + 𝑥𝜑1𝑡
(3)

 

Else 𝑥𝜑1𝑡
(3)

= 0, 𝑞𝜑1,𝑡−1
(3)

= ∑ 𝑦𝜑1,𝑖,𝑡
(3)

𝑖 + 𝑞𝜑1𝑡
(3)
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Step 10 Set 𝜑1 = 𝜑1 + 1, move to step 9 

Step 11 𝑤̅𝑓,𝑡−1 = 𝑤̅𝑓,𝑡−1 + 𝑣𝑝 ∗ 𝑞𝜑1,𝑡−1
(3)

 

Step 12 Set 𝑡 = 𝑡 − 1, move to step 3 

 

5.4. The algorithm error bound 

In the aggregation approach, a crucial aspect involves quantifying the extent of accuracy loss 

resulting from aggregation. While accurately calculating this difference necessitates solving both 

the original and aggregated problems, it's possible to establish bounds for the loss of accuracy 

without solving the original problem. Typically, two types of error bounds are considered: a priori 

and a posteriori. A priori error bounds are determined after aggregation but before optimizing the 

aggregated problem, whereas calculating a posteriori error bound necessitates knowledge of an 

optimal solution for the aggregated problem. A priori error bounds tend to be more conservative 

than a posteriori ones and are often employed to guide decisions regarding clustering and cluster 

procedures, despite no evidence suggesting that methods yielding the tightest a priori error bound 

necessarily yield the tightest a posteriori error bound (Litvinchev & Tsurkov, 2003; Rogers et al., 

1991). 

Using duality theory, several authors measure the error bounds by comparing the actual optimal 

value of the objective function with the optimal value for the aggregated problem, while ignoring 

the disaggregation part. For example, Zipkin (1980c) develops a bound on the optimality gap for 

linear programming models resulting from column aggregations, as well as both column and row 

aggregations (Zipkin, 1980a). Subsequently, the improvement on the Zipkin’s bound are presented 

by Mendelssohn (1980) and Shetty & Taylor (1987). A. Hallefjord & Storoey (1986) also modify 

one version of Zipkin’s bound for the generalized assignment problem. To the best of our 

knowledge, Chen & Graves (2021) is the only work employing a series of intermediate 

formulations based on their problem structure to bound the cost between the original and the 

disaggregated final solutions. In this section, our goal is to establish a posteriori error bound for 

the algorithm which is derived from the disaggregated solution. Before delving into that, it's 

essential to demonstrate that the solution derived from the disaggregation remains feasible for the 

original model. 
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5.4.1. Proof of feasibility 

To derive a feasible solution to the optimal problem (1) from the aggregated solution, we 

conducted three stages of hierarchical partial disaggregation, as previously described. Here, our 

objective is to demonstrate that the solution obtained from the disaggregation stages satisfies the 

constraints of the original problem. 

At each stage of disaggregation, we solve a series of subproblems for each 𝑘,𝑤 and 𝑐 subject 

to their respective constraints. In addition, the hierarchical approach to disaggregation maintains 

solution consistency, ensuring that the final disaggregated solution from the last step does not 

violate any of the original constraints. For instance, 𝑦𝑓𝑤𝑖𝑘𝑝𝑐𝑡
(3)

 obtained from the last step of the 

disaggregation ensures to fulfill the demand 𝑑𝑝𝑖𝑡. This solution depends on the outcomes of 

previous steps, thereby ensuring overall consistency.  

∑𝑦𝑤𝑐𝑖𝑘𝑡
(1)

𝑤

=∑ ∑ 𝑦𝑓𝑤𝑖𝑘𝑐𝑡
(2)

𝑓∈𝐹𝑊𝑤

=∑∑ ∑ 𝑦𝑓𝑤𝑖𝑘𝑝𝑐𝑡
(3)

𝑓∈𝐹𝑊

≥ 𝑑𝑝𝑖𝑡
𝑝∈𝑃𝑐𝑤

                   (6) 

Similarly, this holds true for 𝑥𝑝𝑓𝑡
(3)
 and 𝑞𝑝𝑓,𝑡

(3)
: 

∑𝑋̅𝑐𝑤𝑡
𝑤

=∑ ∑ 𝑥𝑐𝑓𝑡
(2)

𝑓∈𝐹𝑤𝑤

= ∑ (∑ ∑ 𝑥𝑝𝑓𝑡
(3)

𝑓∈𝐹𝑤𝑤

≤ 𝛼𝑝𝑡)

𝑝∈𝑃𝑐

≤ 𝛼̅𝑐𝑡                          (7) 

∑ 𝑣𝑝𝑞𝑝𝑓,𝑡−1
(3)

𝑝∈𝑃𝑐

+ ∑ 𝑣𝑝𝑥𝑝𝑓𝑡
(3)

𝑝∈𝑃𝑐

≤ 𝑣̅𝑐𝑥𝑐𝑓𝑡
(2) ≤ 𝜛𝑓𝑡                                         (8) 

5.4.2. Proof of optimality gap 

Any feasible solution to the original minimization problem provides an upper bound on its optimal 

objective value. Therefore, to determine the gap between the disaggregated and optimal solutions 

of the original model, we must compute: 

𝒁𝑫𝒊𝒔𝒔
𝒑∗

− 𝒁∗𝒐𝒑𝒕 =∑𝒁𝑫𝒊𝒔𝒔
𝒑∗

𝒄
𝒄∈𝑪̅

− 𝒁∗𝑶𝒑𝒕 ≤ |𝑪|𝐦𝐚𝐱𝒄 𝒁𝑫𝒊𝒔𝒔
𝒑∗

𝒄
− 𝒁∗𝑹                     (9) 

Where 𝑍∗𝑅 represents the optimal solution of the relaxed original problem (14) formulated as 

follows: 
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𝑍𝑅 = 𝑚𝑖𝑛 (∑𝑟𝑝𝑓𝑡 ∗ 𝑥𝑝𝑓𝑡
𝑓

+ ∑ ℎ𝑝𝑓𝑡 ∗ 𝑞𝑝𝑓𝑡
𝑝,𝑓,𝑡

+ ∑ 𝛽𝑓𝑖𝑝𝑡 ∗ 𝑦𝑓𝑖𝑝𝑡
𝑓,𝑖,𝑝,𝑡

)                              (10𝑎) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: 

Constraints (1b) to (1e) 

𝑥𝑝𝑓𝑡,  𝑞𝑝𝑓𝑡, 𝑦𝑓𝑖𝑝𝑡 ∈ 𝑅
+                                                           (14𝑏) 

To find the optimal solution of the relaxed problem, 𝑍∗𝑅, we can use the concept of LP duality. 

The dual form of the problem (14) is formulated as follows: 

𝑍𝑅
𝐷 =

𝑀𝑎𝑥
𝑢, ζ, Θ

(∑u𝑝𝑖𝑡𝑑𝑝𝑖𝑡
𝑝,𝑖,𝑡

−∑ζ𝑝𝑡 𝛼𝑝𝑡
𝑝,𝑡

−∑Θ𝑓𝑡𝜛𝑓𝑡
𝑓,𝑡

)                                                               (11𝑎) 

Subject to: 

u𝑝𝑖𝑡 + Γ𝑝𝑓𝑡 ≤ 𝛽𝑓𝑖𝑝𝑡                                         ∀ 𝑝, 𝑖, 𝑡                           (15𝑏) 

−Γ𝑝𝑓𝑡 − ζ𝑝𝑡 − 𝑣𝑝Θ𝑓𝑡 ≤ 𝑟𝑝𝑓𝑡                         ∀ 𝑝, 𝑓, 𝑡                           (15𝑐) 

Γ𝑝𝑓,𝑡 ≤ ℎ𝑝𝑓,𝑡                                         ∀ 𝑝, 𝑓, 𝑡                               (15𝑑)   

−Γ𝑝𝑓,𝑡+1 − 𝑣𝑝Θ𝑓,𝑡+1 ≤ ℎ𝑝𝑓,𝑡                      ∀ 𝑝, 𝑓, 𝑡 = 2,…𝑇                 (15𝑒)  

u𝑝𝑖𝑡, ζ𝑝𝑡, Θ𝑓𝑡 ≥ 0                                                 ∀ 𝑝, 𝑓, 𝑖, 𝑡                    (15𝑓) 

Where (u𝑝𝑖𝑡, ζ𝑝𝑡, Θ𝑓𝑡, Γ𝑝𝑓𝑡) are introduced as decision variables of dual model (14) which are 

assigned as follows: 

• u𝑝𝑖𝑡 is a decision variable for constraint (1b) 

• Γ𝑝𝑓𝑡 is considered for constraint (1c) 

• ζ𝑝𝑡 is considered for constraint (1d) 

• Θ𝑓𝑡 is considered for constraint (1e) 

Using strong duality, the objective function value of the optimal relaxed original model (14) is 

equal to its corresponding dual objective value (15), i.e., 𝑍𝑅
∗𝐷 = 𝑍∗𝑅 , therefore we have: 
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𝑍∗𝑅 =∑𝑢𝑝𝑖𝑡
∗ 𝑑𝑝𝑖𝑡

𝑝,𝑖,𝑡

−∑𝜁𝑝𝑡
∗  𝛼𝑝𝑡

𝑝,𝑡

−∑Θ𝑓𝑡
∗ 𝜛𝑓𝑡

𝑓,𝑡

                                  (12) 

Furthermore, to find the upper-bound for the first term of the optimality gap, i.e., |𝐶|max𝑐 𝑍𝐷𝑖𝑠𝑠
𝑝∗

𝑐
, 

we can define the following optimization model: 

|𝐶|𝑚𝑎𝑥𝑐 𝑍𝐷𝑖𝑠𝑠
𝑝∗

𝑐

= |𝐶|𝑚𝑎𝑥𝑐𝑚𝑖𝑛 ( ∑ 𝑟𝑝𝑓𝑡 ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ ℎ𝑝𝑓𝑡 ∗ 𝑞𝑝𝑓𝑡
(3)∗

𝑝∈𝑃𝑐,𝑓,𝑡

+ ∑ 𝛽𝑓𝑖𝑝𝑡 ∗ 𝑦𝑓𝑖𝑝𝑡
(3)∗

𝑝∈𝑃𝑐,𝑖,𝑓,𝑡

)

= |𝐶|𝑚𝑎𝑥 𝛿                                                                                                                                 (13𝑎) 

Subject to: 

𝛿 ≤ ∑ 𝑟𝑝𝑓𝑡 ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ ℎ𝑝𝑓𝑡 ∗ 𝑞𝑝𝑓𝑡
(3)∗

𝑝∈𝑃𝑐,𝑓,𝑡

+ ∑ 𝛽𝑓𝑖𝑝𝑡 ∗ 𝑦𝑓𝑖𝑝𝑡
(3)∗

𝑝∈𝑃𝑐,𝑖,𝑓,𝑡

         ∀𝑐 ∈ 𝐶              (17𝑏) 

Constraints (9b) to (9h).  

If we rewrite 𝑞𝑝𝑓𝑡
(3)∗

= ∑ (𝑥𝑝𝑓𝑗
(3)∗

− ∑ 𝑦𝑓𝑖𝑝𝑗
(3)∗

𝑖 )𝑡
𝑗=1      ∀ 𝑝 ∈ 𝑃𝑐, 𝑓, 𝑡, we obtain: 

𝛿 ≤ ∑ 𝑟𝑝𝑓𝑡 ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ ℎ𝑝𝑓𝑡 ∗∑ (𝑥𝑝𝑓𝑗
(3)∗

−∑𝑦
𝑓𝑖𝑝𝑗
(3)∗

𝑖

)
𝑡

𝑗=1
𝑝∈𝑃𝑐,𝑓,𝑡

+ ∑ 𝛽𝑓𝑖𝑝𝑡 ∗ 𝑦𝑓𝑖𝑝𝑡
(3)∗

𝑝∈𝑃𝑐,𝑖,𝑓,𝑡

         ∀𝑐 ∈ 𝐶 

Then, we have: 

𝛿 ≤ ∑ (𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡) ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ (𝛽𝑓𝑖𝑝𝑡 − ℎ𝑝𝑓𝑡) ∗ 𝑦𝑓𝑖𝑝𝑡
(3)∗

𝑝∈𝑃𝑐,𝑖,𝑓,𝑡

+ ∑ ℎ𝑝𝑓𝑡 (∑ 𝑥𝑝𝑓𝑗
(3)∗

𝑡−1

𝑗=1
)

𝑝∈𝑃𝑐,𝑓,𝑡

− ∑ ℎ𝑝𝑓𝑡 (∑ 𝑦
𝑓𝑖𝑝𝑗
(3)∗

𝑡−1

𝑗=1
)

𝑝∈𝑃𝑐,𝑓,𝑖,𝑡

                 ∀𝑐 ∈ 𝐶                                                                 (17𝑐) 

Using Lagrangian relaxation on constraint (17b), the following relations hold for all  𝜆𝑐 ≥ 0: 
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|𝐶|𝛿∗ ≤ |𝐶|𝛿∗ +∑𝜆𝑐
𝑐

( ∑ (𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡) ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ (𝛽𝑓𝑖𝑝𝑡 − ℎ𝑝𝑓𝑡) ∗ 𝑦𝑓𝑖𝑝𝑡
(3)∗

𝑝∈𝑃𝑐,𝑖,𝑓,𝑡

+ ∑ ℎ𝑝𝑓𝑡 (∑ 𝑥𝑝𝑓𝑗
(3)∗

𝑡−1

𝑗=1
)

𝑝∈𝑃𝑐,𝑓,𝑡

− ∑ ℎ𝑝𝑓𝑡 (∑ 𝑦
𝑓𝑖𝑝𝑗
(3)∗

𝑡−1

𝑗=1
)

𝑝∈𝑃𝑐,𝑓,𝑖,𝑡

− 𝛿∗)

≤ (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[ ∑ (𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡) ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ (𝛽𝑓𝑖𝑝𝑡 − ℎ𝑝𝑓𝑡) ∗ 𝑦𝑓𝑖𝑝𝑡
(3)∗

𝑝∈𝑃𝑐,𝑖,𝑓,𝑡

+ ∑ ℎ𝑝𝑓𝑡 (∑ 𝑥𝑝𝑓𝑗
(3)∗

𝑡−1

𝑗=1
)

𝑝∈𝑃𝑐,𝑓,𝑡

]                                                                                               (17𝑑) 

Since the inventory level is non-negative, 𝑞𝑝𝑓𝑡
(3)∗

≥ 0, we have 𝑞𝑝𝑓,𝑡−1
(3)∗

+ 𝑥𝑝𝑓𝑡
(3)∗

− ∑ 𝑦𝑓𝑖𝑝𝑡
(3)∗

𝑖 ≥ 0   ∀ 𝑝 ∈

𝑃𝑐, 𝑓, 𝑡, then we have ∑ 𝑦
𝑓𝑖𝑝𝑡
(3)∗

𝑖 ≤ 𝑞
𝑝𝑓,𝑡−1
(3)∗ + 𝑥𝑝𝑓𝑡

(3)∗
, which in turn ∑ 𝑦

𝑓𝑖𝑝𝑡
(3)∗

𝑖 ≤ ∑ 𝑥𝑝𝑓𝑗
(3)∗𝑡

𝑗=1    ∀ 𝑝 ∈ 𝑃𝑐 , 𝑓, 𝑡. 

We can rewrite the above expression as follows: 
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(|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[ ∑ (𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡) ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ (𝛽𝑓𝑖𝑝𝑡 − ℎ𝑝𝑓𝑡) ∗ 𝑦𝑓𝑖𝑝𝑡
(3)∗

𝑝∈𝑃𝑐,𝑖,𝑓,𝑡

+ ∑ ℎ𝑝𝑓𝑡 (∑ 𝑥𝑝𝑓𝑗
(3)∗

𝑡−1

𝑗=1
)

𝑝∈𝑃𝑐,𝑓,𝑡

]

≤ (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[ ∑ (𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡) ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ 𝑚𝑎𝑥𝑖(𝛽𝑓𝑖𝑝𝑡 − ℎ𝑝𝑓𝑡) ∗∑𝑦
𝑓𝑖𝑝𝑡
(3)∗

𝑖𝑝∈𝑃𝑐,𝑓,𝑡

+ ∑ ℎ𝑝𝑓𝑡 (∑ 𝑥𝑝𝑓𝑗
(3)∗

𝑡−1

𝑗=1
)

𝑝∈𝑃𝑐,𝑓,𝑡

]

≤ (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[ ∑ (𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡) ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ 𝑚𝑎𝑥𝑖(𝛽𝑓𝑖𝑝𝑡 − ℎ𝑝𝑓𝑡) ∗∑ 𝑥𝑝𝑓𝑗
(3)∗

𝑡

𝑗=1
𝑝∈𝑃𝑐,𝑓,𝑡

+ ∑ ℎ𝑝𝑓𝑡 (∑ 𝑥𝑝𝑓𝑗
(3)∗

𝑡−1

𝑗=1
)

𝑝∈𝑃𝑐,𝑓,𝑡

] 
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= (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[ ∑ (𝑟𝑝𝑓𝑡 + ℎ𝑝𝑓𝑡) ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ 𝑚𝑎𝑥𝑖(𝛽𝑓𝑖𝑝𝑡) ∗∑ 𝑥𝑝𝑓𝑗
(3)∗

𝑡

𝑗=1
𝑝∈𝑃𝑐,𝑓,𝑡

− ∑ ℎ𝑝𝑓𝑡 (𝑥𝑝𝑓𝑡
(3)∗)

𝑝∈𝑃𝑐,𝑓,𝑡

]

≤ (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗ +∑𝜆𝑐
𝑐

[ ∑ 𝑟𝑝𝑓𝑡 ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ 𝑚𝑎𝑥𝑖(𝛽𝑓𝑖𝑝𝑡) ∗∑ 𝑥𝑝𝑓𝑗
(3)∗

𝑡

𝑗=1
𝑝∈𝑃𝑐,𝑓,𝑡

]

≤ (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[ ∑ 𝑟𝑝𝑓𝑡 ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ |𝑡|𝑚𝑎𝑥𝑖(𝛽𝑓𝑖𝑝𝑡) ∗ 𝑚𝑎𝑥𝑗=1,..𝑡 (𝑥𝑝𝑓𝑗
(3)∗)

𝑝∈𝑃𝑐,𝑓,𝑡

] 

According to the inequality (9e), we have ∑ 𝑥𝑝𝑓𝑡
(3)∗

𝑝∈𝑃𝑐 ≤
𝑣̅𝑐(𝑥𝑐𝑓𝑡

(2)∗
+𝑞𝑐𝑓,𝑡−1

(2)∗
)

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}
    ∀ 𝑓, 𝑡, therefore we can 

obtain the following results: 

(|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗ +∑𝜆𝑐
𝑐

[ ∑ 𝑟𝑝𝑓𝑡 ∗ 𝑥𝑝𝑓𝑡
(3)∗

𝑓,𝑝∈𝑃𝑐,𝑡

+ ∑ |𝑡|𝑚𝑎𝑥𝑖(𝛽𝑓𝑖𝑝𝑡) ∗ 𝑚𝑎𝑥𝑗=1,..𝑡 (𝑥𝑝𝑓𝑗
(3)∗)

𝑝∈𝑃𝑐,𝑓,𝑡

]

≤ (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[∑𝑚𝑎𝑥𝑝∈𝑃𝑐  𝑟𝑝𝑓𝑡 ∑ 𝑥𝑝𝑓𝑡
(3)∗

𝑝∈𝑃𝑐𝑓,𝑡

+ ∑ |𝑡|𝑚𝑎𝑥𝑖,𝑝∈𝑃𝑐(𝛽𝑓𝑖𝑝𝑡) ∗ ∑ 𝑚𝑎𝑥𝑗=1,..𝑡 (𝑥𝑝𝑓𝑗
(3)∗)

𝑝∈𝑃𝑐𝑝∈𝑃𝑐,𝑓,𝑡

] 
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≤ (|𝐶| −∑ 𝜆𝑐
𝑐

) 𝛿∗

+∑ 𝜆𝑐
𝑐

[∑𝑚𝑎𝑥𝑝∈𝑃𝑐 𝑟𝑝𝑓𝑡
𝑣̅𝑐 (𝑥𝑐𝑓𝑡

(2)∗ + 𝑞𝑐𝑓,𝑡−1
(2)∗ )

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}𝑓,𝑡

+∑|𝑡|𝑚𝑎𝑥𝑖,𝑝∈𝑃𝑐 (𝛽𝑓𝑖𝑝𝑡) ∗ (
𝑣̅𝑐 (𝑥𝑐𝑓𝑗

(2)∗ + 𝑞𝑐𝑓,𝑗−1
(2)∗ )

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}
)

𝑓,𝑡

]

= (|𝐶| −∑ 𝜆𝑐
𝑐

) 𝛿∗

+∑ 𝜆𝑐
𝑐

[∑(𝑚𝑎𝑥𝑝∈𝑃𝑐  𝑟𝑝𝑓𝑡 + |𝑡|𝑚𝑎𝑥𝑖,𝑝∈𝑃𝑐 (𝛽𝑓𝑖𝑝𝑡))
𝑣̅𝑐 (𝑥𝑐𝑓𝑡

(2)∗ + 𝑞𝑐𝑓,𝑡−1
(2)∗ )

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}𝑓,𝑡

] 

Since 𝑥𝑐𝑓𝑡
(2)∗ + 𝑞𝑐𝑓,𝑡−1

(2)∗ ≤ ∑ 𝑥𝑐𝑓𝑡
(2)∗ + 𝑞𝑐𝑓,𝑡−1

(2)∗

𝑐 , we have: 

(|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗ +∑𝜆𝑐
𝑐

[∑(𝑚𝑎𝑥𝑝∈𝑃𝑐  𝑟𝑝𝑓𝑡 + |𝑡|𝑚𝑎𝑥𝑖,𝑝∈𝑃𝑐(𝛽𝑓𝑖𝑝𝑡))
𝑣̅𝑐 (𝑥𝑐𝑓𝑡

(2)∗ + 𝑞
𝑐𝑓,𝑡−1
(2)∗ )

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}𝑓,𝑡

]

≤ (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[∑(𝑚𝑎𝑥𝑝∈𝑃𝑐  𝑟𝑝𝑓𝑡 + |𝑡|𝑚𝑎𝑥𝑖,𝑝∈𝑃𝑐(𝛽𝑓𝑖𝑝𝑡))
𝑣̅𝑐 (∑ 𝑥𝑐𝑓𝑡

(2)∗ + 𝑞
𝑐𝑓,𝑡−1
(2)∗

𝑐 )

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}𝑓,𝑡

] 

According to the inequality (8e): 

∑𝑥𝑐𝑓𝑡
(2)∗ + 𝑞𝑐𝑓,𝑡−1

(2)∗

𝑐

≤
𝜛𝑓𝑡

𝑚𝑖𝑛𝑐{𝑣̅𝑐}
   

Then, 
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(|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗ +∑𝜆𝑐
𝑐

[∑(𝑚𝑎𝑥𝑝∈𝑃𝑐  𝑟𝑝𝑓𝑡 + |𝑡|𝑚𝑎𝑥𝑖,𝑝∈𝑃𝑐(𝛽𝑓𝑖𝑝𝑡))
𝑣̅𝑐 (∑ 𝑥𝑐𝑓𝑡

(2)∗ + 𝑞
𝑐𝑓,𝑡−1
(2)∗

𝑐 )

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}𝑓,𝑡

]

≤ (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[∑(𝑚𝑎𝑥𝑝∈𝑃𝑐  𝑟𝑝𝑓𝑡 + |𝑡|𝑚𝑎𝑥𝑖,𝑝∈𝑃𝑐(𝛽𝑓𝑖𝑝𝑡))
𝑣̅𝑐(𝜛𝑓𝑡)

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}𝑚𝑖𝑛𝑐{𝑣̅𝑐}𝑓,𝑡

] 

As a result, for all 𝜆𝑐 ≥ 0: 

|𝐶|max𝑐 𝑍𝐷𝑖𝑠𝑠
𝑝∗

𝑐
≤ (|𝐶| −∑𝜆𝑐

𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[∑(𝑚𝑎𝑥𝑝∈𝑃𝑐  𝑟𝑝𝑓𝑡
𝑓,𝑡

+ |𝑡|𝑚𝑎𝑥𝑖,𝑝∈𝑃𝑐(𝛽𝑓𝑖𝑝𝑡))
𝑣̅𝑐(𝜛𝑓𝑡)

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}min𝑐{𝑣̅𝑐}
]                                    (17𝑔) 

Consequently,  

𝑍𝐷𝑖𝑠𝑠
𝑝∗

− 𝑍∗𝑂𝑅𝐺 ≤ (|𝐶| −∑𝜆𝑐
𝑐

)𝛿∗

+∑𝜆𝑐
𝑐

[∑𝑚𝑎𝑥𝑝∈𝑃𝑐 (𝑟𝑝𝑓𝑡 + |𝑡|𝑚𝑎𝑥𝑖(𝛽𝑓𝑖𝑝𝑡))
𝑣̅𝑐(𝜛𝑓𝑡)

𝑚𝑖𝑛𝑝∈𝑃𝑐{𝑣𝑝}min𝑐{𝑣̅𝑐}𝑓,𝑡

]

− (∑𝑢𝑝𝑖𝑡
∗ 𝑑𝑝𝑖𝑡

𝑝,𝑖,𝑡

−∑𝜁𝑝𝑡
∗  𝛼𝑝𝑡

𝑝,𝑡

−∑Θ𝑓𝑡
∗ 𝜛𝑓𝑡

𝑓,𝑡

)                                                                   (17ℎ) 
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6. Computational experiments 

In this section, we aim to implement our proposed algorithm on a specific instance of an online 

retail inventory system and assess the algorithm performance. First, we create a synthetic network 

inspired from Amazon fulfillment network in the United States. The network characteristics, which 

include fulfillment centers and demand zone features, cost parameters, and item attributes are 

detailed in Section 6.1. Then we provide the following computational experiments: 

• In Section 6.2, we investigate the impact of exclusive cluster counts on the optimality gap. 

• In Section 6.3, we study how cluster combinations affect a posteriori optimality gap and 

computation time. 

• In Section 6.4, we analyze how variations in item sizes affect both the algorithm’s running 

time and the optimality gap. 

• In Section 6.5, we study how changes in the ratio of the objective function parameters 

affect the algorithm performance. 

All experiments are implemented in Python 3.10.14 and its interface to Gurobi 9.5.2. We use 

UBC computational cluster (Sockeye) to run our experiments under the following configuration:  

Operating system: Enterprise Linux 7 (EL7) 

CPU: 2 x Intel Xeon Gold 6130 (2.1GHz) 

Total Cores: 32 

Mem per Core: 24GB 

6.1. Simulation description 

Our goal is to create a realistic simulation of the Amazon fulfillment network. Given the 

computational intensity of considering the actual number of demand points, fulfillment centers, 

and items, we select a representative subset.  Our example involves |𝑃| = 1000 items over |𝑇| =

4 planning periods. Most parameters follow a structure similar to that described by Chen & Graves, 

(2021). 

Based on the dataset from Amazon (2022), there are a total of |𝐹| = 545 fulfilment centers in 

the US, from which we select 200 major centers for our case. The total capacities of fulfillment 
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centers are determined by multiplying the total demand of all items by their volume. In other 

words, we assume that ∑ 𝜛𝑓
𝐹
𝑓=1 = ∑ ∑ ∑ 𝑑𝑝𝑖𝑡 ∗ 𝑣𝑝

𝐼
𝑖=1

𝑃
𝑝=1

𝑇
𝑡=1 . This total capacity is then divided 

among the fulfillment centers in proportion to their square footage, which is uniformly generated 

between the minimum and maximum possible sizes. According to Amazon (2024) the size of 

fulfilment centers varies from 600,000 to 1 million square feet. 

The number of counties in the United States is utilized to determine demand points. The US 

Census data from 2022 indicates there are 3,145 counties. We select a subset of counties with 

populations exceeding 160,000, resulting in |𝐼| = 410 demand points. Demand for each item at 

each demand point is determined proportionally to the population. First, we generate the total 

demand across all demand points, then distribute it based on each demand point's population. We 

assume total demand of each item ranges within 𝑑𝑝𝑡 ∈ [10000, 20000], and demand at each 

demand point is given by 𝑑𝑝𝑖𝑡 ∈ 𝑑𝑝𝑡 ∗ 𝜀𝑖 , where  𝜀𝑖  is the population ratio of demand point 𝑖. 

Shipping costs are calculated using a piecewise-linear function of the distance between 

fulfillment centers and demand points, as well as item weight, following the cost structure 

described in Chen & Graves, (2021). 

𝛽𝑓𝑖𝑝 = {
0.247847𝜚𝑓𝑖𝜏𝑝 − 0.227878𝜚𝑓𝑖 + 0.132063𝜏𝑝 + 7.553833,      𝜚𝑓𝑖 ≤ 1  

1.37674𝜚𝑓𝑖𝜏𝑝 + 4.02487𝜚𝑓𝑖 + 0.75604𝜏𝑝 + 11.10890,     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒     
 

Where 𝜏𝑝 represents the weight of item 𝑝 and 𝜚𝑓𝑖 is the spherical distance (in thousands of miles) 

between fulfillment center 𝑓 and region 𝑖 . The haversine formula is used to calculate 𝜚𝑓𝑖 which 

uses the longitude and latitude coordinates of the demand points and warehouses. 

Other parameter values are defined as follows: 

𝑣𝑝 ∈ [1,35] in cubic meters 

𝜏𝑝 ∈ [0,36] in pounds 

𝑟𝑝𝑓𝑡 ∈ [1,6] in USD 

ℎ𝑝𝑓𝑡 ∈ [1,5] in USD 
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In this experiment, we use k-means clustering technique for aggregation. The normalized 

vectors of (𝜏𝑝, 𝑣𝑝, 𝑑𝑝𝑡, ℎ̃𝑝, 𝑟̃𝑝)  are used as the clustering features for items aggregation, with ℎ̃𝑝 

and 𝑟̃𝑝 standing for the average holding and receiving costs across all warehouses and periods. 

Furthermore, we use the latitude and longitude coordinates for warehouses and demand zone 

aggregation. The aggregated parameters are determined as follows: 

𝑟̅𝑐𝑤𝑡 = ∑ ∑
𝑟𝑝𝑓𝑡

|𝑃𝑐||𝐹𝑤|
𝑝∈𝑃𝑐𝑓∈𝐹𝑤

                                               ∀ 𝑐, 𝑤, 𝑡 

ℎ̅𝑐𝑤 = ∑ ∑
ℎ𝑝𝑓

|𝑃𝑐||𝐹𝑤|
𝑝∈𝑃𝑐𝑓∈𝐹𝑤

                                                ∀ 𝑐, 𝑤, 𝑡 

𝛽̅𝑤𝑘𝑐 =∑ ∑ ∑
𝛽𝑓𝑖𝑝

|𝑃𝑐||𝐹𝑤||𝐼𝑘|
𝑝∈𝑃𝑐𝑓∈𝐹𝑤𝑖∈𝐼𝑘

                            ∀ 𝑤, 𝑘, 𝑐 

𝑣̅𝑐 = 𝑚𝑎𝑥𝑝∈𝑃𝑐{𝑣𝑝}                                                                                    ∀ 𝑐 

Considering the instance of our model which includes |𝑃| = 1000, |𝑇| = 4, |𝐼| = 410, |𝐹| =

200, the optimal model (1) has an objective function value of  Z𝑂𝑃𝑇
∗ = 532,936,115.33 and 

requires 3.68 hours to compute. The solution of the greedy algorithm for model (1) is Z𝑂𝑃𝑇
𝐺 =

549645540.5 with a running time of 21.5 minutes.  

6.2. Effect of exclusive cluster size on optimality gap 

This experiment investigates how the size of each cluster (|𝐶|, |𝐾|, and |𝑊|) exclusively affects 

the optimality gap. It aims to understand the relationship between different cluster sizes and their 

exclusive effects on the algorithm performance. Four different values are assigned to each cluster: 

|𝐶| = (10, 50, 100, 200), |𝐾| = (4, 20, 40, 100), and |𝑊| = (2, 10, 20, 50), resulting in a total of 

43 = 64 cluster combinations.  

We first investigate how variations in item cluster 𝐶 affect the optimality gap for a fixed 

combination of 𝐾 and 𝑊, and similarly replicate the same experiment for 𝐾 and 𝑊. Hence, this 

comprehensive analysis not only enables us to comprehend the relationship among different 

clusters but also effectively identifies the appropriate cluster combination. Thus, the experiment is 
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conducted for 16 fixed combinations of two clusters, e.g., 𝐾 and 𝑊, to evaluate the impact of 

variations in one cluster, e.g., 𝐶, on algorithm performance. 

The results of this experiment are depicted in Figure 3, and Figure 4, with the combinations 

arranged in the order of |𝐶|, |𝐾|, and |𝑊|, respectively. The cluster being analyzed is denoted by 

(*). For instance, when we refer to (*)-4-2, it indicates that the analysis focuses on cluster C, with 

the sizes of |𝐾| and |𝑊| being held constant at 4 and 2. The same logic applies to the remaining 

experiments.  

Based on Figure 3, there is a linear relationship between the size of |𝐶| and optimality gap. 

Regardless of the sizes of |𝐾| and |𝑊|, we consistently observe improved performance as the size 

of C increases. This  is due to the fact that the accuracy of algorithm is contingent 

upon the aggregated model (6). As the size of |𝐶| increases, the model (6) becomes a more precise 

approximation of the optimal model (1), leading to an enhancement of the overall algorithm 

performance. 

 

Figure 3. Optimality gap versus cluster size |C| 

However, when we repeat the experiment for |𝐾| and |𝑊|, we do not observe a similar linear 

relationship. Generally, the algorithm's performance is enhanced by increasing the size of 𝑊; yet 
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this is only true when |𝐾| is equal to or greater than |𝑊|.  For instance, the combination |𝐾| =

100, |𝑊| = 50 yields a superior bound (i.e., 11%) than |𝐾| = 100, |𝑊| = 2 (𝑖. 𝑒. , 16%) for a 

fixed size of |𝐶|. Therefore, as long as |𝑊| ≤ |𝐾|, an improved bound is achieved by increasing 

|𝑊| for fixed values of |𝐾| and |𝐶|. 

As illustrated in Figure 4, the majority of cases do not yield favorable results when the size of 

|𝑊| exceeds the size of |𝐾|. For instance, the maximum gap of 25% occurs at |𝐾| = 4, and |𝑊| =

50 for |𝐶| = 10, whereas the gap is reduced to 18% at |𝐾| = 100, |𝑊| = 2. This pattern also 

confirms that the optimality gap will be reduced if the size of |𝐾| is greater than the size of  |𝑊|.  

Increasing the size of |𝐾| improves the optimality gap in cases when |𝐾| < |𝑊|. For instance, 

the gap is reduced by nearly 9% when |𝐾| is increased from 4 to 20 for |𝐶| = 10 and |𝑊| = 50. 

It is worth noting that the optimality gap is not always positively influenced by an increase in |𝐾|, 

as illustrated in Figure 4. In other words, the gap either remains constant or becomes worse as |𝐾| 

increases when |𝐾| exceeds |𝑊|. This is evident in Figure 4, where the optimality gap increases 

by 2% when the value of |𝐾| is increased from 4 to 20 for the blue and gray lines with |𝑊| = 2. 

In addition, the optimality gap remains constant at approximately 12.8% when the value of |𝐾| is 

increased from 4 to 40, for a fixed values of |𝑊| and |𝐶|, when |𝐶| = 200 and |𝑊| = 2. It does 

not improve the approximation; rather, it merely increases computation time.  

One possible explanation for the improved performance observed when the size of |𝐾| is greater 

than |𝑊| is the geographical distribution of demand points compared to warehouses, as it is shown 

in Figure 6. Having more clusters |𝐾| allows for greater similarity of demand points within the 

same cluster. Consequently, the number of clusters |𝐾| must be at least as large as the number of 

warehouse clusters |𝑊|. Furthermore, the first stage of disaggregation begins with demand zones, 

where the value of 𝑦𝑤𝑖𝑐𝑡
(1)∗

 is determined optimally. The accuracy of this stage significantly impacts 

subsequent stages, leading to enhanced overall performance.  
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Figure 5. Optimality gap versus cluster size |W| 
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Figure 6. Distribution of demand points and fulfilment centres 

6.3. Effects of cluster count on optimality gap and computation time 

This section investigates how the sizes of clusters (C, K, W) influence the trade-off between the 

optimality gap and computation time. Our results are depicted in Figure 7, where cluster sizes are 

expressed as percentages of the dataset. For example, a cluster size of 1% means that the clusters 

(𝐶, 𝐾,𝑊) are 1% of the dataset size, resulting in 𝐶 =  10, 𝐾 =  4,𝑊 =  2. The optimality gap is 

calculated as 
(𝒁𝑫𝒊𝒔𝒔
𝒑

−𝒁∗𝒐𝒑𝒕)

𝒁∗𝒐𝒑𝒕
. Each aggregation stage is computed using parallel processing, i.e., each 

cluster is distributed on a single processor.  

Larger cluster sizes result in a smaller optimality gap because they allow the aggregation model 

(6) to be a better approximation of the original model (1). The findings indicate that very small 

cluster sizes do not yield satisfactory bounds. However, for medium-sized clusters (above 10%), 

the cost of the solution from our algorithm approaches the cost of the optimal solution to the 

original problem (1). The 7% gap with a cluster size of 40% can be considered an appropriate 

solution compared to other cases and requires 43 minutes of computation. 
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Figure 7. Optimality gap and computation time versus cluster size 

On the other hand, the computation time increases with cluster size. For instance, computation 

time is about 5 minutes for cluster sizes up to 10%. Beyond this point, each additional 10% in 

cluster size roughly doubles the computation time. This is because larger cluster sizes make the 

computation time dominated by the aggregated model (3), requiring us to solve a larger integer 

programming problem, which grows exponentially in running time as dimensions increase. 

However, the disaggregation stages, particularly stages 2 and 3, do not significantly increase 

with larger cluster sizes. This is because not only we apply the greedy algorithm for the last two 

stages, which significantly improve our running time but also all disaggregation stages can be 

executed independently for each cluster 𝑐 ∈ 𝐶, 𝑘 ∈ 𝐾,𝑤 ∈ 𝑊. As a result, the computation time 

could be reduced with parallel processors. With 𝑛 parallel processors, we can speed up the 

computation roughly by a factor of 𝑛 by distributing clusters across processors. 

6.4. Effects of item size variations on optimality gap and running time 

We conduct an experiment to see how the variations in the item dimensions affects the solution 

quality and running time. We change the amount of volume upper-bound within the range of (5,65), 

with the step size of 10. Therefore, the intervals span from [1, 5] to [1, 65]. For each interval, we 

0

0.05

0.1

0.15

0.2

0.25

0.3

0

20

40

60

80

100

120

140

1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 20% 30% 40% 50% 60%

O
p

ti
m

al
it

y
 g

ap

R
u
n
n
in

g
 t

im
e 

(M
in

)

Cluster size

Agg Diss_stage1 Diss_stage2

Diss_stage3 Total Approximation ratio



 

52 

 

solve both the optimal model and the algorithm with the configuration of (|𝑃|, |𝐼|, |𝑊|) =

(400, 160, 80). 

The resulting performance of the algorithm is depicted in Figure 8. The findings indicate that a 

greater dispersion in item sizes corresponds to a slightly higher optimality gap. The optimality gap 

increases by approximately 0.1%, i.e., from 0.0791 for 𝑣 = [1, 5] to 0.08 for 𝑣 = [1, 65]. The 

increase in optimality gap comes from the way we calculate the aggregated volume, defined as 

𝑣̅𝑐 = 𝑚𝑎𝑥𝑝∈𝑃𝑐{𝑣𝑝}. Since the aggregated model uses the maximum size volume within each cluster 

𝑐 ∈ 𝐶, it becomes overly conservative, causing the solution obtained by the reduced model to 

deviate significantly from the optimal solution. This demonstrates how the quality of the reduced 

model’s solution influences the subsequent stages and the final solution. 

Furthermore, this result aligns with the optimality gap formulation (17h) caused by 

disaggregation discussed in the previous section. As expected, increasing disparity in item volumes 

leads to a higher value of 𝑣̅𝑐 of each cluster 𝑐 ∈ 𝐶, which in turn increases the optimality gap. 

Furthermore, the computation time of the algorithm remains almost constant while the optimal 

model’s computation time is more sensitive but without a clear trend, indicating the robustness of 

our algorithm in terms of running time. This can be seen from the fact that we employ the Greedy 

method to handle two disaggregation stages which is less sensitive to the volume fluctuations.  
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Figure 8. The effect of sparsity in item sizes on optimality gap and running time 

6.5. Effects of objective function parameter ratios on algorithm performance 

We conducted an experiment to evaluate the sensitivity of the algorithm's performance to the 

parameters of the objective function, including the unit costs of receiving, holding, and shipment. 

The algorithm is tested three times, each time normalizing a different parameter. For instance, 

while normalizing 𝑟𝑝𝑓𝑡 in the first experiment, we examine the effects of change in the ratios (
ℎ𝑝𝑓𝑡

𝑟𝑝𝑓𝑡
) 

and (
𝛽𝑓𝑖𝑝

𝑟𝑝𝑓𝑡
). Then, the ratios are adjusted by factors of 2 and 1/2. The results are summarized in 

Table 6. 

The results indicate the optimality gap has a negative relationship with the ratio of (
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) and 

(
𝛽𝑓𝑖𝑝
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). In other words, halving the ratio almost doubles the optimality gap, while doubling the 
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) , (

𝛽𝑓𝑖𝑝

ℎ𝑝𝑓𝑡
) and the optimality gap. For the last 

experiment, the relationship is opposite to that observed for the first one. The optimality gap 

0.0784000

0.0788000

0.0792000

0.0796000

0.0800000

0.0804000

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

v=[1,5] v=[1,15] v=[1,25] v=[1,35] v=[1,45] v=[1,55] v=[1,65]

O
p

ti
m

al
it

y
 G

ap

R
u
n
n
in

g
 t

im
e 

(H
o

u
rs

)

Item Size variations

Algorithm running time optimal model running time Approximation ratio



 

54 

 

increases as the ratio increases, showing a positive relationship. Halving the ratios (
𝑟𝑝𝑓𝑡

𝛽𝑓𝑖𝑝
) and 

(
ℎ𝑝𝑓𝑡

𝛽𝑓𝑖𝑝
) results in the smallest optimality gap, while doubling it leads to the largest gap. 

The results show that the ratio (
𝛽𝑓𝑖𝑝

𝑟𝑝𝑓𝑡
) has a more significant impact on the optimality gap 

compared to the ratio (
𝑟𝑝𝑓𝑡

ℎ𝑝𝑓𝑡
) and (

𝛽𝑓𝑖𝑝

ℎ𝑝𝑓𝑡
). This highlights the importance of accurately computing 

the parameters 𝛽𝑓𝑖𝑝 and 𝑟𝑝𝑓𝑡. If the ratio (
𝛽𝑓𝑖𝑝

𝑟𝑝𝑓𝑡
) is underestimated, the optimality gap may worsen. 

In addition, efforts to reduce the unit receiving cost, 𝑟𝑝𝑓𝑡,  not only lower the total costs, but it also 

increases the ratio (
𝛽𝑓𝑖𝑝

𝑟𝑝𝑓𝑡
), potentially leading to a smaller optimality gap. This also is consistent 

with the optimality gap formulation (17ℎ) previously discussed, where the optimality gap is a 

function of 𝑟𝑝𝑓𝑡 and 𝛽𝑓𝑖𝑝. Therefore, the algorithm is more sensitive to the ratio (
𝑟𝑝𝑓𝑡

𝛽𝑓𝑖𝑝
) than to 

(
𝛽𝑓𝑖𝑝

ℎ𝑝𝑓𝑡
) or (

𝑟𝑝𝑓𝑡

ℎ𝑝𝑓𝑡
). 

Table 6. Sensitivity analysis on the ratio of objective function parameters 

# Unit Cost Ratio Optimality Gap 

1 𝑟𝑝𝑓𝑡 (
ℎ𝑝𝑓𝑡

𝑟𝑝𝑓𝑡
) , (

𝛽𝑓𝑖𝑝

𝑟𝑝𝑓𝑡
) 

*(0.5) 0.140331377 

*(1) 0.079754131 

*(2) 0.043944369 

2 ℎ𝑝𝑓𝑡 (
𝑟𝑝𝑓𝑡

ℎ𝑝𝑓𝑡
) , (

𝛽𝑓𝑖𝑝

ℎ𝑝𝑓𝑡
) 

*(0.5) 0.082758264 

*(1) 0.079754131 

*(2) 0.077929631 

3 𝛽𝑓𝑖𝑝 (
𝑟𝑝𝑓𝑡

𝛽𝑓𝑖𝑝
) , (

ℎ𝑝𝑓𝑡

𝛽𝑓𝑖𝑝
) 

*(0.5) 0.042020462 

*(1) 0.079754131 

*(2) 0.143236938 

 

6.6. Comparison with the greedy algorithm 

In this section, we compare our proposed framework with the greedy algorithm when used as 

the primary method to solve model (1). The experiment aims to evaluate the impact of scaling up 

the problem size on both the greedy algorithm and our proposed framework in terms of running 

time and performance. 
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To scale up the problem, we increase the item counts from 1000 to 20,000. We evaluate the 

effect of scaling up on algorithm performance by considering four cluster sizes (10%, 20%, 30%, 

40%). The performance is assessed by computing the ratio of the algorithm solution 𝑍𝐷𝑖𝑠𝑠
𝑝

 to the 

greedy solution 𝑍𝐺𝑜𝑝𝑡, i.e., (
𝑍𝐷𝑖𝑠𝑠
𝑝

𝑍𝐺𝑜𝑝𝑡
) for each cluster. The average ratio across the four clusters is 

then calculated for each item size. The results of this experiment are depicted in Figure 9. 

The results indicate that while the greedy algorithm is appropriate for handling small to 

medium-sized problems, it struggles with large-scale problems. As the number of items increases, 

the greedy algorithm's running time grows substantially compared to our algorithm, and this 

growth rate becomes more pronounced with larger problem sizes. For example, when increasing 

the number of items from 2,000 to 5,000, the slope of the running time graph for the greedy 

algorithm is 0.03. However, this slope increases to 0.05 when scaling from 5,000 to 10,000 items, 

indicating an accelerating growth rate. In contrast, our proposed algorithm shows only a modest 

increase in running time for each cluster size. Specifically, the running time for a 40% cluster size 

grows by approximately 89% (from 43 minutes with 1000 items to 81 minutes with 10,000 items), 

whereas the greedy algorithm's running time increases by 1700% for the same item range. 

To quantify the relative performance of our algorithm, we can define the ratio 
𝑍𝐷𝑖𝑠𝑠
𝑝

𝑍∗𝑜𝑝𝑡
=

𝑍𝐷𝑖𝑠𝑠
𝑝

𝑍𝐺𝑜𝑝𝑡
×
𝑍𝐺𝑜𝑝𝑡

𝑍∗𝑜𝑝𝑡
, where the first part 

𝑍𝐷𝑖𝑠𝑠
𝑝

𝑍𝐺𝑜𝑝𝑡
 reflects the approximation error due to aggregation, and 

the second part 
𝑍𝐺𝑜𝑝𝑡

𝑍∗𝑜𝑝𝑡
 represents the approximation error of the greedy algorithm itself. This 

experiment specifically evaluates the value of 
𝑍𝐷𝑖𝑠𝑠
𝑝

𝑍𝐺𝑜𝑝𝑡
. The results show that the average ratio 

𝑍𝐷𝑖𝑠𝑠
𝑝

𝑍𝐺𝑜𝑝𝑡
 

increases by 4% as the problem size scales from 1,000 to 10,000 items. However, as we scale up 

the problem size, we observe a decreasing growth rate in the average ratio 
𝑍𝐷𝑖𝑠𝑠
𝑝

𝑍𝐺𝑜𝑝𝑡
, which emphasizes 

our algorithm’s stable performance for handling large-scale models. This stability implies that our 

proposed framework maintains a manageable optimality gap, thereby providing a more reliable 

and scalable approach against greedy for large-scale problems. 
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Figure 9. Comparison of the algorithm with greedy performance 

 

6.7. Comparison with the linear programming relaxation solution 

In this section, we aim to compare our algorithm with the LP relaxation model. In Section 5.4.1, 

we demonstrated that the solution obtained by our algorithm ensures feasibility.  Now, we want to 

evaluate whether we can relax the integrity constraint (1f) and solve model (1) by rounding linear 

programming solution. The first step is to determine if the solution obtained by rounding the linear 

relaxation model is feasible for the online-retail inventory management problem (1). To test this, 

we solve model (1) by relaxing the integrality constraint (1f), and then rounding off the optimal 

value of each decision variable to the nearest integer point. Subsequently, we construct a new linear 

programming model to verify the feasibility of this rounded solution for the model (1). We define 

a new set of variables (𝜀, 𝜖+, 𝜖−, 𝜏, 𝜑) corresponding to each constraint (1b) to (1e) to measure the 

degree of violation. The model (18) is formulated as follows: 
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𝑍𝐹𝑆 =
𝑀𝑖𝑛

𝜀, 𝜖+, 𝜖−, 𝜏, 𝜑  
 (∑Γ𝑝𝑖𝑡 ∗ 𝜀𝑝𝑖𝑡
𝑝,𝑖,𝑡

+ ∑ Π𝑝𝑓𝑡 ∗ (𝜖𝑝𝑓𝑡
+ + 𝜖𝑝𝑓𝑡

− )

𝑝,𝑓,𝑡

+∑Υ𝑝𝑡 ∗ 𝜏𝑝𝑡
𝑝,𝑡

+∑Ξ𝑓𝑡 ∗ 𝜑𝑓𝑡
𝑓,𝑡

)  (18𝑎) 

Subject to: 

∑𝑦̿𝑓𝑖𝑝𝑡
𝑓

+ 𝜀𝑝𝑖𝑡 ≥ 𝑑𝑝𝑖𝑡                                          ∀ 𝑝, 𝑖, 𝑡                                      (18𝑏) 

𝑞̿𝑝𝑓𝑡 − 𝑞̿𝑝𝑓,𝑡−1 − 𝑥̿𝑝𝑓𝑡 +∑𝑦̿𝑓𝑖𝑝𝑡
𝑖

= 𝜖𝑝𝑓𝑡
+ − 𝜖𝑝𝑓𝑡

−             ∀ 𝑝, 𝑓, 𝑡                   (18𝑐) 

∑𝑥̿𝑝𝑓𝑡
𝑓

− 𝜏𝑝𝑡 ≤ 𝛼𝑝𝑡                                       ∀ 𝑝, 𝑡                                              (18𝑑) 

 ∑𝑣𝑝𝑞̿𝑝𝑓,𝑡−1
𝑝

+∑𝑣𝑝𝑥̿𝑝𝑓𝑡
𝑝

− 𝜑𝑓𝑡 ≤ 𝜛𝑓𝑡                  ∀ 𝑓, 𝑡                                 (18𝑒) 

𝜀𝑝𝑖𝑡, 𝜖𝑝𝑓𝑡
+ , 𝜖𝑝𝑓𝑡

− , 𝜏𝑝𝑡, 𝜑𝑓𝑡   ∈ 𝑅
+                                                                               (18𝑓) 

Where (Γ𝑝𝑖𝑡, Π𝑝𝑓𝑡, Υ𝑝𝑡, Ξ𝑓𝑡) denote the penalty units for possible violations of constraint (18b) 

to (18e). The values (𝑥̿𝑝𝑓𝑡, 𝑦̿𝑓𝑖𝑝𝑡, 𝑞̿𝑝𝑓𝑡) represent the rounded solution derived from the linear 

relaxation model. If the optimal objective function value, 𝑍𝐹𝑆
∗ , equals zero, i.e., 𝑍𝐹𝑆

∗ = 0,  the 

solution is feasible for model (1); otherwise, it is not. For the particular instance described in 

Section 6.1, the solution from linear relaxation Z𝑂𝑃𝑇
𝑅  is equal to the optimal model, i.e.,  

Z𝑅
∗ = Z𝑂𝑃𝑇

∗  and 𝑍𝐹𝑆
∗ = 0. However, this is not typical for most instances. According to the findings 

in Table 7, the solution obtained from LP relaxation is not even feasible for most cases, even though 

it has a lower optimality gap compared to our algorithm.  

Moreover, even if the solution is feasible, LP relaxation does not resolve the issue of problem’s 

scale; the problem still remains large-scale. For instance, solving the LP relaxation of model (1) 

for our specific instance takes 2.11 hours, whereas our algorithm can handle it in a few minutes, 

demonstrating superior computational efficiency compared to LP relaxation. 
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Table 7. Comparison with LP relaxation solution 

# Unit Demand 

Linear relaxation 

objective function value 

(𝐙𝑹
∗ ) 

Optimal model objective 

function value 

(𝐙𝑶𝑷𝑻
∗ ) 

𝐙𝑭𝑺
∗  

1 ~ 𝑈[0,5] 41,822,762.46 41,823,385.5 536.1143 

2 ~ 𝑈[0,10] 94,085,771.75 94,087,700.5 1130.641 

3 ~ 𝑈[0,50] 513,028,291.2 513,028,292 671.1964 

4 ~ 𝑈[0,100] 1,041,416,914 1,041,416,917 167.799109 
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7. Conclusion 

This study focuses on optimizing inventory management for an online retailer, aiming to 

minimize total costs associated with receiving, holding, and shipping. We formulate the problem 

as a multi-period integer programming model. Given the complexities posed by its large-scale and 

NP-hard nature, we propose an approximation algorithm. The contributions of this study can be 

summarized as follows: 

• The formulation is general enough which can capture different types of variable costs 

and constraints. One crucial assumption addressed in our problem is the variation in 

item sizes, enhancing the accuracy of inventory planning while also adding to the 

problem's complexity. 

• We propose a large-scale framework for the problem, which integrates three sets of 

items, warehouses, and customers as a technique for reducing the problem dimension. 

The proposed algorithm decomposes the problem into different tractable stages and 

leverages parallel computing. Each disaggregation stage can be computed 

independently for each cluster, and these clusters can be distributed across processors. 

To address the NP-hard nature of the last two stages of disaggregation, we develop a 

greedy algorithm capable of solving the model within polynomial time. The 

combination of the parallel computing and the Greedy algorithm leads to a huge 

reduction in running time. The effectiveness of the algorithm is demonstrated through 

numerical examples. 

• We develop a theoretical optimality gap bound that address the effect of applying 

aggregation on handling the large-scale integer program. The bound provides insights 

into the algorithm’s performance and indicates how far the algorithm can deviate from 

the optimal model. 

Our empirical analysis reveals the impact of several factors on the solution quality, including 

the number of clusters, the item characteristics, and variable costs. These insights can be used to 

guide the choice of parameters when designing the inventory management for online-retail 

businesses using the proposed large-scale algorithm. The results indicate that the algorithm can 

find near optimal solutions within a few minutes for a medium number of clusters. Additionally, a 

greater dispersion in item sizes corresponds to a slightly higher optimality gap. The sensitivity 
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analysis on the ratio of objective function parameters highlights the crucial role of the ratio of unit 

receiving and shipment costs, (
𝛽𝑓𝑖𝑝

𝑟𝑝𝑓𝑡
), in controlling the optimality gap.  

We also analyzed the effectiveness of our algorithm to that of the greedy algorithm when the 

latter is used as the primary method to solve model (1). Although the greedy algorithm offers a 

lower optimality gap, it faces significant challenges with large instances. Specifically, the 

computational time for the greedy approach exhibits an accelerating growth rate that becomes 

increasingly pronounced with larger problem sizes. In contrast, our algorithm demonstrates 

superior scalability and maintains stable performance across larger datasets. This is achieved 

through breaking down the problem into four manageable stages and using greedy as a subroutine, 

which allows our algorithm to manage large datasets effectively without significant reduction in 

solution quality. Thus, for large-scale inventory management problems, our algorithm proves to be 

more robust and efficient than the greedy algorithm.  

Moreover, our comparison with LP relaxation reveals that recovering the optimal solution from 

LP relaxation is often impossible. Rounding the optimal values from LP relaxation often fails to 

ensure feasibility and, in rare cases where feasibility is achieved, the computation time remains 

significant. Therefore, an efficient algorithm is required to handle large-scale instances within a 

reasonable time frame. This underscores the importance of our algorithm’s computational 

efficiency in addressing these challenges.  

Although the proposed large-scale framework is a powerful tool for online retail inventory 

management, it has several limitations: 

• The model does not account for shortages, whether in the form of backorders or lost 

sales. 

• Uncertainty in parameters such as demand, which affects the solution quality, is not 

considered. 

• The model simplifies the network to include only fulfillment centers and customers, 

excluding intermediate centers such as sortation centers and delivery stations between 

warehouses and customers. 
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For future work, one promising direction is to develop a customized clustering method for our 

specific problem. The findings indicate that standard algorithms, such as K-means, may not be an 

ideal technique for our case. This is because the algorithm does not give us satisfactory solutions 

for small size of clusters. We need to develop a customized clustering method that effectively 

group together items, warehouses and demand points in a way that makes the reduced model be a 

better approximation of the optimal model. Another approach to improve the aggregation process 

is to employ the iterative aggregation schemes, similar to those applied in the network design 

problem (Bärmann et al., 2015). 

Incorporating uncertainty into parameters such as demand represents another important area for 

future work. Current model assumes deterministic demand, which may not always produce 

accurate solutions, particularly when historical data is insufficient or unreliable. Future research 

could focus on developing data-driven inventory optimization strategies that account for 

uncertainty, thereby the solution will be better aligned with real-world complexities. 
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